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PREFACE 

Some  knowledge  of  Algebraic  Numbers  and  of  the  ordinary  Theory 
of  Numbers  is  assumed  to  have  been  acquired  by  the  reader  by  way  of 
preparation  for  a  serious  study  of  the  subject  of  which  this  volume  treats. 

An  apology  may  be  in  order  for  the  arrangement  of  the  subject 
matter.  It  was  arranged  as  it  is  to  meet  the  needs  of  actual  instruction. 
The  use  of  "group  characteristics,"  as  developed  by  Frobenius,  should  be 
a  familiar  tool  in  the  hands  of  the  student  as  early  as  possible.  There- 
fore linear  substitutions  are  taken  up  in  the  third  chapter.  From  the 
point  of  view  of  strict  logic  this  study  of  linear  substitutions  and  of 
linear  groups  should  be  quite  fully  developed  before  those  very  special 
substitutions  which  we  call  permutations  are  considered.  But  the  idea  of 
groups  of  non-commutative  operations  can,  in  the  author's  opinion,  be 
best  gained  from  a  few  lessons  on  the  concrete  and  familiar  permuta- 
tions of  a  finite  number  of  letters.  Therefore  the  first  two  chapters 
are  intended  to  familiarize  the  learner  with  the  simpler  processes  used 
in  Group  Theory,  to  exhibit  the  fundamental  theorems  which  admit  of 
briefly  worded  proof,  and  to  prepare  the  way  for  the  more  difficult 
developments  of  linear  groups.  Moreover,  since  any  "abstract"  group 
of  finite  order  is  isomorphic  to  some  group  of  permutations,  it  would 
seem  that  sufficient  generality  can  be  attained  if  the  phraseology  of  the 
abstract  theory  is  ignored,  as  is  done  in  this  book. 

In  talking  of  prime  numbers  it  is  admitted  that  it  is  a  matter  of  in- 
difference whether  unity  is  included  among  the  primes  or  not.  May  one 
be  permitted  the  same  license,  if  for  the  sake  of  convenience  in  stating 
certain  theorems,  the  identical  substitution  alone  is  denied  the  dignity  of 
being  called  a  group  (§4)?  The  new  terms  "similar  groups"  (§  16), 
"open  product"  (§21)  and  "uniprimitive  group"  (§  37)  seem  useful  and 
necessary. 

In  justification  of  the  publication  of  these  pages  in  our  University 
series,  it  may  be  stated  that  some  of  the  material  to  be  found  in  the  volume 
is  new.  In  particular  theorems  II  of  §  37,  I  of  §  38,  and  I  of  §  45  have  not 
been  published  elsewhere. 

Among  the  sources  from  which  the  author  has  drawn  inspiration 
and  material  the  following  treatises  should  be  mentioned: 

Jordan,  Traits  des  substitutions; 

Weber,  Lehrbuch  der  Algebra; 

Burnside,  Theory  of  Groups; 
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Dickson,  Linear  Groups; 

Miller,  Blichfeldt  and  Dickson,  Finite  Groups; 

Blichfeldt,  Finite  Collineation  Groups; 

Hilton,  Linear  Substitutions. 

But  the  memoirs  of  Jordan  and  of  Frobenius  have  contributed 
more  by  way  of  suggestion  and  encouragement  than  any  books. 

The  author  is  glad  of  an  opportunity  to  express  his  thanks  to  Pro- 
fessor H.  F.  Blichfeldt,  Professor  H.  C.  Moreno,  and  Miss  Anna  L. 
Wright,  who  have  read  parts  of  the  manuscript,  and  to  Mr.  H.  W.  Brink- 
mann,  who  has  read  all  of  it.  Their  criticisms  and  suggestions  have  been 
of  great  value.  Nor  should  the  author's  great  indebtedness  to  Professor 
G.  A.  Miller  go  unacknowledged.  He  owes  his  first  advanced  knowledge 
of  the  subject  to  Professor  Miller's  lectures  at  Stanford  University  from 
1901  to  1906. 

W.  A.  MANNING 


CHAPTER  I. 
THE  ELEMENTARY  THEORY  OF  GROUPS  OF  PERMUTATIONS. 

51- 

Permutations. 

There  are  n!  different  ways  in  which  n  objects  (n  a  finite  integer) 
may  be  arranged.  If  the  n  objects  are  tagged  by  means  of  n  different 
letters  x^  ,  xz,  •  •  •  ,  xn  ,  these  arrangements  are  completely  described  by 
the  n  \  permutations  of  the  letters  x^  ,  x2  ,  •  •  •  ,  xn  ,  or  what  is  the  same 
thing,  by  the  n  \  permutations  of  the  subscripts  1  ,  2  ,  •  •  •  ,  n  .  A  notation 
that  immediately  suggests  itself  for  a  permutation  is  this  : 


where  x'±  ,  x't  ,  •  •  •  ,  x'^  are  the  letters  x^  ,  x2  ,  •  •  •  ,  xn  over  again,  and  this  per- 
mutation is  one  in  which  x\  replaces  *,  (*'  =  1  ,  2  ,-•-,«).  With  this 
notation  the  n  columns  may  be  read  in  any  order.  For  example, 


X4      X\ 

A  permutation  is  circular  if  by  a  rearrangement  of  its  columns  every 
letter  of  the  first  row  has  the  same  letter  next  to  it  on  the  right  as  it  has 
under  it  ;  we  agree  that  the  first  column  is  the  right-hand  neighbor  of  the 
last  column. 

If  this  definition  is  used  as  a  test  as  to  whether  a  given  permutation 
is  circular  or  not,  a  negative  result  declares  that  the  permutation  breaks 
into  two  or  more  circular  permutations,  no  two  of  which  have  a  letter  in 
common.  This  decomposition  is  unique.  The  component  circular  per- 
mutations of  two  or  more  letters  are  called  the  cycles  of  the  permutation. 

When  a  circular  permutation  is  so  written  that  each  letter  is  replaced 
by  the  letter  on  its  right,  the  second  row  becomes  superfluous.  Then 


is  a  briefer  notation  for  the  permutation 
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The  circular  permutations  of  three  letters  x±,  xt,  xt  are 


The  first  permutation,  (x^)  (x2)  (*3),  leaves  the  three  letters  fixed  and  is 
called  the  identical  permutation,  or  the  identity;  (x^x^x^)  replaces  xl  by 
xz,  xz  by  jr3  and  .v3  by  x^\  (xl}(x2xz)  fixes  ^  and  replaces  xz  by  .r3  and 
x3  by  *2  ;  that  is,  it  transposes  x2  and  xz. 

A  circular  permutation  of  two  letters  is  a  transposition.  No  difficulty 
can  arise  if  circular  permutations  of  one  letter  are  omitted  when  recording 
a  permutation,  except  in  the  case  of  the  identity,  and  for  this  permutation 
which  fixes  each  of  the  n  letters  in  question,  the  symbol  for  unity,  1,  may 
be  used  without  ambiguity.  Thus  even  the  six  permutations  of  the  num- 
bers 1,  2,  3,  are  written 

1,   (123),  (132),   (23),  (13),   (12). 

; 

We  shall  say  that  a  permutation  displaces  a  letter  when  that  letter  is  in  a 
cycle  of  the  permutation. 

That  permutation  which  results  from  two  or  more  successive  permu- 
tations is  called  the  product  of  those  permutations.  We  agree  that  the 
order  in  which  the  permutations  are  carried  out  is  from  left  to  right. 
Thus  if  x^  -f-  4.r2  -f-  Sx3  is  first  subjected  to  the  circular  permutation 
(132)  and  then  to  the  transposition  (23),  the  result  is  the  same  as  if  the 
single  permutation  (12)  were  carried  out;  that  is, 

(132)  (23)  =  (12). 
But  if  the  order  of  these  operations  is  reversed, 

(23)  (132)  =  (13). 
Hence  : 

I.  The  multiplication  of  permutations  is  not  always  a  commutative 
operation. 

It  is  evident,  however,  that  the  product  of  two  permutations  that  have 
no  letter  in  common  is  independent  of  the  order  in  which  they  are  taken. 
Furthermore,  the  associative  law, 


holds  for  any  three  permutations  A,  B,  C. 

If  the  same  permutation  S  is  carried  out  k  times,  the  resulting  permu- 
tation is  called  the  k°*  power  of  S,  and  for  it  the  symbol  S*  is  in  common 
use.  The  square  of  a  permutation  is  its  second  power.  A  permutation 
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is  commutative  with  itself  and  therefore  is  commutative  with  each  of  its 
powers.  A  circular  permutation  of  n  letters  raised  to  the  Jtth  power  is  the 
identity.  This  is  clear  if  we  notice  that  in  the  &th  power  of  a  circular  per- 
mutation each  letter  is  followed  by  the  letter  which  in  the  original  permu- 
tation was  the  kth  letter  to  the  right  of  it. 

The  order  of  any  permutation  S  is  the  least  positive  integer  k  for 
which 


Therefore  the  order  of  5  is  the  least  common  multiple  of  the  orders  of  its 
cycles.    Thus  (ab}(cde}  is  of  order  6;  (abcd)(efghij)  is  of  order  12. 

The  inverse  of  a  permutation  S  is  that  permutation  which  completely 
undoes  the  work  of  S  and  which  therefore  is  5  read  backward,  from  right 
to  left.  It  is  S^'1  if  5"  is  of  order  k,  or,  as  it  is  often  written,  S"1.  The  in- 
verse of  S*  is  5"k"x  .  Thus  a  meaning  is  attached  to  negative  integral  ex- 
ponents. The  two  laws  of  exponents  hold: 


where  we  may  reduce,  if  we  like,  all  exponents  modulo  k,  k  being  the 
order  of  5"  . 

Let  there  be  given  two  permutations,  S  and  T.    The  product 


is  of  very  frequent  occurrence  and  is  called  the  transform  of  T  by  S  .    It 
reduces  to  T  if  5  and  T  are  commutative. 

II.  The  permutation  S~*TS  may  be  written  down  by  putting  in  place 
of  each  letter  of  T  that  letter  which  follows  it  in  S. 

To  prove  this,  let  (abc  •  •  •  m)  be  any  cycle  of  T  and  let 

(a  b  c      •     •    -     m      •     • 
a'b'c'    •     •     •     m'    •     • 
Then 

a'b'c'    •     •     •     m'    •     • 


ab  c      •     •     •     m 
and 

S-*TS  =  (a'b'c'    •     •     •     m')     '    '    '  • 

Thus  to  every  cycle  of  T  there  corresponds  a  cycle  of  S~*TS,  which  is 
merely  the  result  of  carrying  out  the  permutation  S  upon  that  cycle  of  T. 
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§  2. 

The  Linear  Homogeneous  Substitution. 

The  meaning  of  the  transform  will  become  clearer  if  we  give  some 
attention  to  the  linear  homogeneous  substitution 

n 

T:  *i  =  2  aii*i  (*=1,  2,  •••,  w)  . 

1=1 

The  variables  and  coefficients  of  T  are  ordinary  complex  numbers. 

Suppose  that  we  wish  to  change  the  variables  of  T  by  means  of  a 
second  substitution : 

n 

•S1  :  *m  =  2  fcrnk^k  (m=l ,  2,  ••• ,  n)  , 

k=i 

and  what  is  the  same  thing, 


We  obtain 


i  =  2  b^y'i  (m=\  ,  2 ,  •-• ,  n)  . 

k=l 


2  &ik3fc  =  2  flu  2 

k=l  J=l  8=1 


n       n 

=  2    2  ai)bisy'n  (t=l  ,  2,  ••-,»). 

1=1      8=1 

Multiply  by  B,t,  the  minor  of  felt  in  the  determinant 

B  =  \b^\ 
of  5"  and  sum  : 

n  n  n 

2  #lt     2     ^ik^'k  =  2  5lt&ftyt  =  Byt 

1=1  k=l  1=1 

n       n         n 

=  222  Bitaubisy't  . 

1=1     1=1       8=1 

If  the  determinant  of  the  substitution  5  is  not  zero,  we  have  the  trans- 
formed substitution 

Vt  =  i/ts?.  (f=l,  2,  ••-,  n), 

where 

n         n 

^ts  =  2     2  BiiOijbit/B. 
1=1  1=1 

But  this  is  the  result  of  making  in  succession  the  three  substitutions  : 
S'1  :  yt  =  i*iBlt/B       (/=!,  2,  ••-,  n), 
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n 

T:  zi  =  2  a^z\  (i=l  ,  2  ,  •  •  •  ,  n)  , 

1=1 

S:  *,  =  2  bisy'n  (/=!,  2,  ••-,  n). 

1=1 

The  result  of  making  first  the  substitution  T  and  then  the  substitution 
S  may  be  brought  about  by  means  of  the  third  substitution 


*i  =  2    2  aii&jk^k  (»'=  1  ,  2  ,  •  •  •  ,  n)  . 

J=i     k=l 

This  substitution  is  called  the  product  TS. 

A  permutation  is  a  substitution  of  determinant  ±  1  with  coefficients 
all  zero  in  each  row  (or  column)  but  one,  and  that  coefficient  is  unity. 
Hence  when  we  multiply  out  the  product  S~*TS  we  really  are  making  in 
T  that  change  of  variables  indicated  by  S. 

While  it  was  found  necessary  to  assume  above  that  the  determinant 
of  the  substitution  5"  was  not  zero,  no  condition  was  placed  upon  the  de- 
terminant of  T. 

It  appears  from  the  product  : 

n         n 

*,  =  2    2  alibis'*  (»*=!,  2,  •••,  n), 

]=l    k=l 

that  the  determinant  of  TS  is  the  product  of  the  determinants  of  T  and  S. 
Hence  S^TS  and  T  have  the  same  determinant  if  the  determinant  of  5  is 
not  zero. 


Again, 


n  n        n        n 

2  c*k  =  2  2    2 

k=l  k=l   1=1    ]=1 

=  2    2  «»  2 

1=1     J=l  k=l 


The  sum  of  the  coefficients  in  the  principal  diagonal  of  a  substitution 
T  is  called  the  characteristic  of  the  substitution  T.  These  two  results  may 
be  stated  in  the  theorem  : 

7.  The  determinant  and  the  characteristic  of  a  substitution  T  are\ 
invariant  under  transformation  by  a  substitution  S  of  non-zero  determi- 
nant. 
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§3. 

Similar  Permutations. 

Two  permutations  5  and  T  are  said  to  be  similar  if  a  third  permuta- 
tion X  exists  that  satisfies  the  equation 


No  solution  is  possible  unless  5"  and  T  have  the  same  number  of  cycles  of 
any  given  order.  But  when  this  condition  is  satisfied,  if  T  be  written  in  a 
line  below  S,  with  a  cycle  of  T  below  a  cycle  of  the  same  order  of  5",  then 
a  permutation  of  the  letters  displaced  by  5  and  T  jointly  that  has  the  re- 
quired property  may  be  set  up  by  continuing  the  row  in  which  S  stands 
with  those  letters  of  T  that  are  fixed  by  S,  and  by  continuing  the  second 
row  until  it  also  has  as  many  letters  as  the  first  by  means  of  the  letters  of  5 
that  are  fixed  by  T  .  For  example,  one  permutation  that  transforms 
(ab)(cde)  into  (fc)(abe}  is 

labcdef\ 

=     (afdbc). 

\fcabed) 

A  permutation  is  regular  if  all  its  cycles  are  of  the  same  order.  Any 
power  of  a  circular  permutation  is  regular*  Two  regular  permutations 
are  similar  if  they  displace  the  same  number  of  letters  and  are  of  the  same 
order. 

The  equation 


has  then  either  no  solution  or  an  infinite  number  of  solutions.  But  those 
solutions  which  displace  only  the  letters  of  S  and  T  may  well  be  called  the 
principal  solutions.  If  5  and  T  are  similar  and  regular,  with  h  cycles  of  a 
letters  each,  the  number  of  principal  solutions  of  X~1SX  =  T  is  exactly 
ahh  !  .  If  S  and  T  are  similar  but  not  regular,  each  may  be  regarded  as  the 
product  of  k  regular  permutations  made  up  of  hi  cycles  of  at  letters  each 
(»=  1  ,  2  ,  •  •  •  ,  k)  .  Then  the  number  of  principal  solutions  is  seen  to  be 

fl  of'Ai! 
1=1 

In  particular  the  number  of  principal  solutions  of 

x-isx=s, 

where  5"  is  a  circular  permutation  of  prime  order  p  ,  is  p  ,  and  evidently 
these  p  permutations  are  the  powers  of  5"  .  Again  there  are  just  p  princi- 
pal solutions  of  the  equation 

"*&-•   f>  <>^f  ; 
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X-1SX  =  Sm     (m4=0,  msfsl,  mod  />)  . 

Each  of  these  solutions  fixes  one  and  only  one  letter  of  5"  .    Take  one  of 
these  solutions.    Then 


=  X~1SXX-1SX  •  •  •  (to  m  factors) 


x-nsx*  =  s™*  . 

Now  if  w  is  the  exponent  of  the  lowest  power  of  X  for  which 

x-»sx»  =  s, 

we  have 

S^  =  S; 

and  since  X  is  of  degree  p  —  1, 

Xn=l. 
Then 

wn5==  1,     mod  p  . 

Hence,  if  w  is  a  primitive  root  of  the  congruence 

^p-1^  1,     mod  p  , 

the  permutation  X  that  transforms  5  into  Sm  is  of  order  p  —  1  and  all  the 
permutations  we  have  been  seeking  are  given  by  the  p(p  —  1)  products 

S*X*     (y=l,  •  •  ;p;    2=1,2,  •  •  ;p—l). 

The  product  of  any  two  of  these  p  (p  —  1)  permutations  is  again  one  of 
them,  since 


These  p  (p  —  1  )  permutations  may  be  compactly  expressed  by 

'  .r 


as  a  permutation  of  the  p  incongruent  residues  0,  I,  •  •  •  ,  p  —  1,  if 

xf  =  ax  -\-  b  ,  mod  p  , 

where  a  and  b  are  allowed  to  assume  the  p  values  0,1, •••,/>  —  1,  with 
the  exception  that 

a  =£H  0,    mod  p. 
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§4. 

Group  of  Permutations. 

Certain  distinct  permutations  of  a  finite  number  of  letters  constitute 
a  group  if  the  product  of  any  two  (or  the  square  of  any  one)  of  them  is 
one  of  the  given  permutations. 

This  definition  requires  the  presence  of  at  least  two  permutations  in 
any  group.  The  identity  alone,  by  our  convention,  is  not  a  group. 

The  n\  permutations  of  n  (5  2)  letters  necessarily  satisfy  this  defini- 
tion. This  is  the  symmetric  group.  The  number  of  letters  displaced  by 
the  permutations  of  a  group  is  its  degree.  The  total  number  of  permuta- 
tions in  a  group  is  its  order. 

One  group  is  a  subgroup  of  another  when  all  its  permutations  are  per- 
mutations of  the  second,  and  its  order  is  less  than  the  order  of  the  second. 
Thus  the  symmetric  group  of  degree  n  includes  as  subgroups  all  other 
groups  that  do  not  displace  one  or  more  other  letters.  It  includes  itself, 
of  course,  but  not  as  a  subgroup. 

A  group  is  cyclic  when  all  its  permutations  are  powers  of  one  of  its 
permutations.  Thus 

1,    (06) 
is  a  cyclic  group  of  order  2  ; 

1  ,  (ab}(cde)  ,  (ced)  ,  (ab)  ,  (cde}  ,  (ab)(ced) 
is  a  cyclic  group  of  order  6.    The  cyclic  group 

1,    (123),     (132) 
is  a  subgroup  of  the  symmetric  group 

1,    (123),    (132),    (12),    (13),    (23). 

One  or  more  permutations  are  said  to  generate  a  group  if  every  per- 
mutation of  the  group  is  a  product  whose  factors  are  some  or  all  of  these 
generators.  The  same  permutation  may  recur  at  different  places  as  a 
factor  of  this  product  if  the  generating  permutations  are  not  commuta- 
tive. By  the  notation 


is  meant  the  group  generated  by  the  permutations  S,  T,  •  •  •  .  Then  {S} 
is  a  cyclic  group  of  order  k  if  5"  is  of  order  k.  The  word  degree  will  some- 
times be  used  of  a  permutation,  meaning  thereby  the  number  of  letters  it 
displaces,  that  is,  the  degree  of  the  cyclic  group  it  generates. 
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Any  circular  permutation  is  a  product  of  transpositions,  as 
(123  •••  mn)  =  (12)(13)(14)  •••  (lw)(ln) 
=  (ln)(nm)(mO  •••   (43)  (32) 
=  etc. 

Hence  any  permutation  is  a  product  of  transpositions  which  displace 
no  letter  not  displaced  by  the  permutation  in  question.  In  other  words, 
a  symmetric  group  is  generated  by  its  transpositions.  Now  any  permuta- 
tion of  n  letters  x1}  xz,  •  •  •,  xu  must  transform 

ff  n  (*i—  *j> 
1=1  1=1+1 

into  itself  or  into  its  negative,  because  this  product  is  the  square  root  of  a 
symmetric  function.  An  odd  number  of  transpositions  changes  its  sign  and 
an  even  number  of  transpositions  leaves  it  invariant.  Therefore,  although 
a  permutation  can  be  written  as  a  product  of  transpositions  in  a  number 
of  ways,  it  is  always  equal  to  the  product  of  an  odd  number  or  an  even 
number  of  transpositions  and  is  called  a  negative  or  a  positive  permuta- 
tion in  the  two  cases,  respectively.  Since  the  determinant  of  a  transposi- 
tion is  —  1,  negative  permutations  are  of  determinant  —  1  and  positive 
permutations  are  of  determinant  -\-  1. 

/.  If  a  group  contains  a  negative  permutation,  just  half  its  permuta- 
tions are  positive. 

There  is  at  least  one  positive  permutation  in  any  group,  the  identity. 
If 

Si,S*,S*,'-'S*       (A>1) 

are  the  positive  permutations  of  the  given  group  G,  and  if  T  is  a  negative 
permutation  of  G  (by  hypothesis  there  is  at  least  one  such),  all  the  per- 
mutations 

SjT  ,  S2T  ,  S3T  ,  '  '  '  ,  S^T 

are  negative.    It  is  necessary  to  show  that  these  h  negative  permutations 
are  distinct  and  that  there  are  no  other  negative  permutations  in  G. 
If 


whence,  by  the  associative  law, 
and  finally 
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If  U  is  any  negative  permutation  of  the  group,  UT'1  is  a  positive 
permutation  : 

and  therefore 


A  consequence  of  this  theorem  is  that  a  symmetric  group  of  degree 
n  (>  2)  has  a  subgroup  of  order  n  !/2  all  the  permutations  of  which  are 
positive.  For  the  product  of  two  positive  permutations  is  positive.  This  is 
the  alternating  group.  It  contains  no  transpositions,  but  its  permutations 
of  lowest  degree  are  circular  permutations  of  three  letters. 

The  alternating  group  of  degree  4  has  permutations  of  order  3  which 
are  distributed  among  four  subgroups  of  order  3,  and  three  permutations 
of  order  2  and  degree  4  which  with  the  identity  constitute  a  subgroup  of 
order  4,  known  as  the  axial  group. 

§5. 
La  grange's  Theorem. 

When  two  permutations  leave  the  same  letter  a  fixed,  their  product 
also  leaves  a  fixed.  Therefore  the  permutations  that  leave  the  same  letter 
of  any  group  fixed  constitute  a  subgroup.  One  subgroup  of  the  symmetric 
group  of  degree  n  (>  2)  is  the  symmetric  group  of  degree  n  —  1. 

/.  The  order  of  a  group  is  divisible  by  the  order  of  any  subgroup. 
Let  H  be  any  subgroup  of  a  group  G  of  order  g.    Let 

CO  O 

•Jl  >    >J2  >  >    oll 

be  the  permutations  of  H,  and  let  T2  be  a  permutation  of  G  not  in  H. 
There  is  such  a  permutation,  because  g  is  greater  than  h  by  the  definition 
of  a  subgroup.  Consider  the  permutations 

0  T       9  T      •  •  •      C  T 
•JiJ  2  >  •-'a-1  2  >          >  >JhJ  a  • 

None  of  them  are  in  H,  for  if 


Nor  is 

•SkjTj  =  SmT2 
for  then 

S*  =  Sm. 

If  there  are  no  more  permutations  in  G,  the  theorem  is  proved.  Let  there 
be  another  permutation  T3  distinct  from  each  of  the  2h  permutations 
above.  Write  the  products 


ELEMENTARY   THEORY  OF   GROUPS  17 

•^1*  3  >   ^2*  8  >   '  '  '  >   ^h*  8  • 


As  before,  no 

nor  is 

If 

then 


contrary  to  hypothesis.  If  the  permutations  of  the  group  are  not  ex- 
hausted, continue  this  process  until  no  more  remain.  Since  G  is  a  group 
of  permutations  it  is  of  finite  order.  We  shall  have  therefore  a  last  row 


in  which  no  two  permutations  are  the  same,  nor  is  any  permutation  of  this 
row  the  same  as  a  permutation  in  a  row  above  it.  Hence  g/h  is  a  whole 
number.  The  quotient  g/h  is  sometimes  called  the  index  of  the  sub- 
group H  . 

In  the  course  of  the  above  proof  we  have  shown  once  for  all  that 
//.  //  H  is  any  subgroup  of  G  and  if  TI  is  a  permutation  of  G  not  in 
one  of  the  i  —  1  rows  above  it,  the  permutations  of  the  row 


are  distinct  from  each  other  and  occur  in  no  preceding  row. 
A  condensed  notation  for  the  ith  row  of  the  array  is 

Htt, 

where  for  H  each  permutation  of  H  is  to  be  written  in  turn.  We  shall  also 
use  this  notation  for  the  product  of  any  one  permutation  of  H  into  a  cer- 
tain permutation  of  T{  . 

The  array  could  just  as  well  have  been  written 

T[H, 
where  T[  is  a  permutation  of  G  not  in  a  row  above  the  1th  . 

§6. 

Quotient  Groups. 

The  group  H  is  said  to  be  transformed  into  itself  by  a  permutation  T 
when  every  permutation 

T-^T,   T-*S2T  -  •   •,   T~*SbT 
is  a  permutation  of  H.    This  is  often  written  symbolically 
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A  subgroup  H  of  a  group  G  is  self-conjugate  (or  invariant)  in  G 
when  every  permutation  of  G  transforms  H  into  itself.  If  G  has  no  self- 
conjugate  subgroup,  it  is  a  simple  group.  For  example,  cyclic  groups  of 
prime  order  are  simple. 

We  have  just  been  studying  the  group  G  with  its  permutations  ar- 
ranged in  the  g/h  rows 

(1)  HT,  (»•=!,  2,  •  •  -,g/h). 

When  H  is  an  invariant  subgroup  of  G, 


and  therefore 


This  means  that  if  (1)  be  multiplied  on  the  right  by  the  g/h  permu- 
tations S'Ti  ,  S"Tt  ,'•',  where  5"'  ,  5""  ,  •  •  •  are  any  permutations  of  H  , 
thus: 

HT2  ,          '    '    '  , 
Z  ,       HTZTZ  ,       '    '    '  , 


•*"*  •*  i •*  g/h  j       •**  ^2     g/h  *  j       -^"^  '-^  g/h -^  g/h  > 

the  new  array  so  formed  displays  g/h  distinct  permutations  of  the  g/h 
rows  HTi ,  HTZ ,  •  •  •  of  G  .  They  are  tagged  for  us  by  the  subscripts 
1  ,  2 ,  •  •  •  of  7\  ,  Tz ,  •  •  •  .  The  product  of  the  two  permutations 


and 

(JIT        \ 
•**  -^  u        i  /  *     **  /i  \ 

„__  O=l,  2,  ••-,  g/h) 

HT*T*I 
is 


Hence  the  g/h  rows  of  G,  by  right  hand  multiplication  by  the  permu- 
tations of  G,  when  H  is  an  invariant  subgroup  of  order  h,  are  permuted 
according  to  the  permutations  of  a  group  of  degree  and  order  g/h.  This 
group  is  called  the  quotient-group  of  G  with  respect  to  H  and  for  it  there 
is  a  convenient  symbol : 

G/H. 

If  now  beside  each  row  HTt  of  G  we  write  the  permutation 

fHTl 
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to  the  product  of  any  permutation  of  HT^  by  any  permutation  of  HT* 
there  corresponds  uniquely  the  product 

HTi 


Hence  the  theorem: 

/.  To  any  subgroup  of  order  A.  in  G/H  there  corresponds  a  subgroup 
of  order  /iX  in  G.  The  order  of  any  permutation  of  G  is  divisible  by  thei 
order  of  the  corresponding  permutation  of  G/H. 

It  does  not  follow  that  G  always  has  a  subgroup  of  order  g/h  with 
one  permutation  from  each  row  of  HTi.  After  proving  the  following 
theorem  we  shall  set  up  a  group  in  confirmation  of  this  statement. 

//.  //  a  permutation  T  transforms  a  group  H  of  order  h  into  itself, 
and  if  the  lowest  power  of  T  that  is  in  H  is  the  kth,  then  {H,  T}  is  a  group 
of  order  hk. 

The  proof  follows  the  same  lines  as  before.  Write  the  permutations 
of  H  in  a  row  and  complete  a  rectangular  array  by  multiplying  them  by 
k  —  1  powers  of  T  : 

•^1  »  &2  >  '  »      ^h  > 

S^T  ,      S2T  ,        '    '    '  ,    SbT  , 
r  7-2         c  7^2          ...        c  7^2 

°l-£      >       •J2-t      >  >      °hj      > 


If 


rm-n  -  C-l  C 
-  Oj   Oj  , 

which  is  impossible  unless  m  =n  and  i  =  j.  Hence  the  hk  permutations 
of  the  above  array  are  all  different.  Again,  any  permutation  S\T*  (x^.k) 
may  be  written 

SiT^^T  =  SiS1Tr, 

where  the  remainder  r  is  less  than  k.  It  remains  to  show  that  any  permu- 
tation S^SiT  may  be  reduced  to  5"WTX.  The  condition  that  T  trans- 
forms H  into  itself  gives  the  means  for  doing  this  : 


and  by  successive  transformations  by  T, 

7-^7^  = 
whence 
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Applying  this  to  SlTaS^Tv,  we  replace  T»S)  by  S*T*t  and  then  have 


Therefore  the  hk  permutations  of  the  array  form  a  group,  and  since  this 
group  includes  both  H  and  T,  it  is  the  group  {H  ,  T}  . 
For  example,  let  H  be  the  cyclic  group 

{(1234)(5678)}. 
The  permutation 

T=  (1537)  (2846) 

transforms  H  into  itself  and  its  square  is  in  H.    Therefore 
{(  1234)  (  5678)  ,  (1537)  (2846)} 

is  a  group  of  order  8.    It  is  the  quaternion  group.    All  the  permutations 
of  the  row  HT  are  of  order  4. 
Let  H  be  the  axial  group 

1,  (12)(34),  (13)  (24),  (14)(23). 
The  permutation 

T=(1234) 
transforms  H  into  itself,  and 

7*=  (13)  (24). 
This  group 

{(12)  (34),  (1234)} 

is  known  as  the  octic  group. 

§  7. 

Some  Elementary  Theorems. 

I.  A  subgroup  of  index:  2,  when  one  occurs  in  a  group,  is  self- 
conjugate. 

Let  the  group  G  of  order  g  have  in  it  a  subgroup  H  of  order  g/2.  If 
/  is  a  permutation  of  G  but  not  included  in  H,  then  the  permutations 

H,  Ht 
are  all  distinct,  and  coincide  with  the  permutations  of  G.    Hence 


In  particular,  the  alternating  group  of  degree  n  is  invariant  in  the 
symmetric  group  of  degree  n. 

A  group  is^  called  Abelian  if  any  two  of  its  permutations  are  commu- 
tative. For  example,  cyclic  groups  are  Abelian. 

II.  A.  cyclic  group  G  of  order  g  has  one  and  only  one  subgroup 
whose  order  is  any  divisor  «g)  of  g. 
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Let  h  be  any  divisor  (<  g]  of  g  .  Then  {Sg/b}  is  one  subgroup  of 
order  h.  Hence  there  are  at  least  <p(/0  permutations  of  order  h  in  G. 
Since 

i  <*><*)=*, 

h  =  l 

there  are  exactly  <p(/t)  permutations  of  order  h  and  therefore  only  one 
subgroup  of  order  h. 
It  follows  that  if 

g  =  n  p?  »  , 

1=1 

where  pi  ,  pi  ,  "  '  ,  p\  are  distinct  prime  numbers,  G  has  a  cyclic  subgroup 
of  order 

Pf*  (*=  1,  2,  •••,  X), 

and  G  may  be  generated  by  its  X  subgroups  of  order  />f'  . 

///.  //  fA0  order  of  every  permutation  of  a  group  divides  2,  the  group 
is  Abelian. 

Let  S  and  T  be  any  permutations  of  a  group  G.    By  hypothesis 

S2=T2=(ST)2=l  . 
Nfow  if 

STST=1, 

S2TST2  =  ST  , 
that  is, 

TS  =  ST. 

IV.  Two  permutations  of  order  2  whose  product  is  of  order  h  (  >  1  ) 
generate  a  group  of  order  2h,  in  which  there  is  an  invariant  cyclic  sub-, 
group  of  order  h. 

Let  5*  and  T  be  the  two  permutations  of  order  2.    We  have 


Both  5"  and  T  transform  ST  into  its  inverse  :  for 

$-*STS=TS 

and 

T-1STT=TST2  =  TS; 
and  finally 

(ST)  (  TS)  =  ST2S  =  S2=l, 

so  that  TS  is  the  inverse  of  ST. 

Hence  the  cyclic  group  {ST}  is  transformed  into  itself  by  5"  and,  by 
§  6,  II,  {ST  ,  S}  is  of  order  2h  .  Since  {ST  ,  S}  contains  SST=>T  , 
{ST  ,  S}  coincides  with  {S  ,  T}  . 
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Such  groups,  generated  by  two  distinct  permutations  of  order  2,  are 
called  diedral  groups. 

V.  All  the  h  permutations  not  in  the  cyclic  subgroup  {ST}  of  order 
h  of  a  diedral  group  are  of  order  2  and  all  transform  ST  into  its  inverse. 
Now  .9  transforms  ST  into  TS,  and  therefore  transforms  (STY  mto 
.    Hence 


This  proves  that  the  h  permutations  not  in  {ST}  are  of  order  2. 
Again, 


The  axial  group,  the  symmetric  group  of  degree  3,  and  the  octic 
group  are  diedral  groups.  The  diedral  group  of  degree  5  and  order  10  is 

{(12)(34),  (23)  (45)}. 

VI.  The  permutations  (two  or  more)  common  to  two  groups  consti- 
tute a  group. 

For  the  product  of  two  such  permutations  is  in  both  groups. 

This  group  in  which  are  all  the  permutations  common  to  two  groups, 
is  known  as  the  cross-cut  of  the  two  groups.  If  the  only  common  permu- 
tation is  the  identity,  there  is  no  cross-cut. 

VII.  If  a  group  G  is  transformed  into  itself  by  all  the  permutations 
of  a  group  H,  then  K,  the  cross-cut  of  G  and  H,  is  invariant  in  H. 

Since  H  transforms  G  into  G,  it  transforms  K  into  a  subgroup  K' 
of  G  .    But  K'  must  also  be  a  subgroup  of  H  ,  so  that 

v-  _  v~t 
A.  -  A.  , 

and  K  is  therefore  an  invariant  subgroup  of  H  . 

§  8. 

Permutable  Groups. 

Two  groups  G  and  H  are  said  to  be  permutable  when,  s  and  t  being 
any  two  given  permutations  of  G  and  H,  respectively,  two  other  permu- 
tations s'  and  t'  of  G  and  H  can  be  found  to  satisfy  the  equation 

st  =  t's'. 

We  may  symbolize  this  relation  thus  : 

GH'—HG. 

For  example,  a  group  is  permutable  with  any  of  its  subgroups,  for  if 
H  is  a  subgroup  of  G,  we  may  write  G  either  as 
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H  ,   Hs2  ,      '      '      '  ,      Hs0  , 


or 

H  ,  saH  i 


/.  //  G  of  order  g  and  H  of  order  h  are  permutable  groups  with  k 
common  permutations,  {G  ,  H}  is  of  order  gh/k  . 

In  the  following  array  the  first  row  is  G  and  the  first  column  is  H  ; 
K  is  the  identity  or  the  cross-cat-  of  G  and  H  : 


K  ,        Ks2  , 
Kt2  ,     Ks2t2 


Let  ox,  02,  •  •  •  ,  Ok  be  the  permutations  of  K.    Since 
<Ji  *j  =h  tf^wfy         (wg/) 


unless 


these  gh/k  permutations  are  all  distinct.    Consider  the  product  of  any  two 
of  them,  and  apply  the  condition  that  G  and  H  are  permutable: 


It  is  therefore  one  of  the  permutations  of  the  array  ,and  the  gh/k 
permutations  are  a  group  in  which  G  and  H  are  subgroups.  Therefore 
{G,  H}  is  of  order  gh/k  . 

In  the  above  proof  the  condition  that  G  and  H  are  permutable  was 
not  used  to  show  that  the  number  of  distinct  permutations  in  the  array 
GH  is  gh/k  .  This  suggests  the  theorem  : 

//.  //  the  groups  G  and  rHr~*  have  exactly  k  common  permutations, 
the  array  GrH  contains  gh/k  distinct  permutations. 

To  complete  the  proof  of  this  theorem  it  is  only  necessary  to  remark 
that  the  number  of  distinct  permutations  in  the  array  GrHr~l  is  not 
changed  if  each  of  the  gh/k  permutations  is  multiplied  by  the  same  permu- 
tation r  . 

Attention  should  be  called  to  two  important  special  cases  of  Theorem 
I,  besides  II  of  §  6: 

777.  If  every  permutation  of  G  transforms  H  into  itself  and  every  per- 
mutation of  H  transforms  G  into  itself,  and  if  G  and  H  have  no  cross-cut, 
every  permutation  of  G  is  commutative  ivith  every  permutation  of  H. 

The  group  {G  ,  H}  is  then  called  the  direct  product  of  G  and  H  .    To 
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prove  that  st  =  ts  ,  where  s  and  t  are  any  permutations  of  G  and  H  ,  re- 
spectively, it  is  only  necessary  to  call  attention  to  the  fact  that 


For  this  permutation  is  the  product  of  s~l  and  a  permutation  of  G  and  is 
therefore  in  G  ;  it  is  the  product  of  sr^^s  ,  a  permutation  of  H  ,  and  t  ,  and 
is  therefore  in  H  .  Consequently  s^^st  is  in  both  G  and  H  and  is  there- 
fore the  identity. 

An  example  of  a  direct  product  is  the  group  of  order  p2  generated 
by  two  commutative  permutations  of  order  p  ,  as 

{(«!  a2  •••  Op)  ,    (&!  &8  •••  6p)}  • 

IV  .  If  every  permutation  of  G  transforms  H  into  itself,  and  if  every 
permutation  of  H  transforms  G  into  itself,  their  crTT  r«/  K  is  invariant  in 
G  and  H,  and  {G  ,  H}/K  is  the  direct  product  of  G/K  and  H/K  (on 
h  and  g  different  sets  of  letters,  respectively). 

If  j  and  t  correspond  to  different  permutations  of  {G  ,  H}/K  , 
s^^st  belongs  to  K  ,  which,  according  to  III,  proves  the  theorem. 

§9. 

Conjugate  Permutations  and  Conjugate  Groups. 

Two  permutations  (groups,  functions)  are  said  to  be  conjugate  un- 
der a  certain  group  G  if  G  contains  a  permutation  that  transforms  the  one 
into  the  other.  In  particular  one  conjugate  of  2  (any  permutation,  group, 
or  function)  is  2  itself,  into  which  it  is  transformed  by  the  identity. 

A  complete  set  of  conjugates  under  G  is  the  totality  of  permutations 
(groups,  functions)  conjugate,  under  transformation  by  the  permutations 
of  G  ,  to  a  given  permutation  (group,  function).  The  phrase  "under  G  " 
is  often  omitted  when  there  is  no  room  for  doubt  as  to  the  group  member- 
ship of  the  transforming  permutations. 

7.  The  order  of  any  group  G  is  the  product  of  the  number  of  permu- 
tations of  G  by  which  2  ,  a  given  permutation  (group,  function),  is  trans- 
formed into  itself,  and  the  number  of  conjugates  under  G  in  the  complete 
set  to  which  2  belongs. 

If  2  is  transformed  into  itself  by  two  permutations  of  G  it  is  trans- 
formed into  itself  by  their  product,  and  therefore  the  permutations  of  G 
which  transform  2  into  itself  constitute  a  subgroup  of  G  ,  or  are  G  itself. 
Of  course,  the  theorem  requires  no  proof  when  2  is  transformed  into  itself 
by  every  permutation  of  G. 

Let  /  be  the  largest  subgroup  of  G  under  which  2  is  invariant,  or  in 
default  of  such  a  subgroup,  the  identity.  By  the  phrase,  invariant  under  I, 
is  meant  that  every  permutation  of  7  transforms  2  into  itself.  Let  s2  be 
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in  G  but  not  in  /  .    All  the  permutations  of  the  row  Is2  transform  2  into 
the  same  permutation  (group,  function)  22  .    For 

=  j^Zj,  =  22  .  " 


If  7  and  Is2  do  not  exhaust  the  permutations  of  G  ,  consider  Is3  , 
where  s3  is  in  neither  /  nor  Is2  .  Now  j^2  sa  is  not  2  .  Can  it  be  22  ? 
If  so,  since 

fySjjr,  =  2  , 


and  therefore 
that  is, 


contrary  to  hypothesis.    Then  the  permutations  of  G  may  be  written  in 
just  as  many  rows 

7j,         (t—  1,2,  •••  ,  h), 

as  2  has  conjugates  under  G. 

II.  If  the  order  of  a  group  is  a  power  of  a  prime  (pm)  it  has  at  least 
p  invariant  permutations. 

The  number  of  permutations  in  each  complete  set  of  conjugate  per- 
mutations is  a  power  of  the  prime  p  ,  and  one  set  consists  of  the  identity 
alone.  Then  the  permutations  of  the  group  may  be  enumerated  by  count- 
ing and  adding  the  number  of  permutations  in  each  set  of  conjugates, 
giving 

/>m=l  +/>*  +  />"+     '     '     ', 

which  is  impossible  unless  at  least  p  —  1  of  the  exponents  a  ,  b  ,   •  •  •   are 
zero. 

For  example,  (12)  (34)  is  an  invariant  permutation  of  the  octic  group 
{(13)  (24),  (12)}. 

In  any  non-Abelian  group  the  invariant  permutations,  when  there  are 
more  than  one,  constitute  an  invariant  subgroup,  since  the  product  of  two 
invariant  permutations  is  invariant.  The  'Subgroup  in  which  all  the  in- 
variant permutations  and  no  others  are  included  is  the  central  of  the 
group. 

To  illustrate  the  application  of  this  theorem,  we  may  prove  : 

777.  A  non-cyclic  group  of  order  p2  is  the  direct  product  of  two 
groups  of  order  p. 

In  such  a  group  G  all  the  permutations  are  of  order  p  ,  and  the  pre- 
ceding theorem  assures  us  that  there  is  a  subgroup  A  of  order  p  in  which 


26  PRIMITIVE  GROUPS 

each  permutation  is  invariant  in  G.     Any  other  subgroup  B  of  order  p 
generates  with  A  a  direct  product  of  order  p2  ,  that  is,  G  . 

• 

§  10. 
Sylow's  Theorem. 

I.  If  the  order  g  (>pm  ;  p  a  prime)  of  a  group  G  is  divisible  by  pm 
(  >  1  )  ,  G  has  a  subgroup  of  order  pm  . 

Assume  the  truth  of  the  theorem  for  all  groups  of  order  less  than  g. 
Our  task,  then,  is  to  show  that  G  has  a  subgroup  whose  order  is  divisible 
by/)-. 

First,  let  G  be  nori-Abelian,  and  let  there  be  y  invariant  permutations 
in  G  .  Let  the  remaining  permutations  of  G  be  in  complete  sets  of  conju- 
gates of  A!  ,  &2  ,  •  •  •  ,  An  members.  Then 


If  Y  is  not  divisible  by  p  ,  at  least  one  of  the  numbers  h^  ,  hz  ,  •••  ,  h^is  not 
divisible  by  p  ,  whence  (§  9,  I)  G  has  a  subgroup  whose  order  is  divisible 
by  pm  .  If  Y  is  divisible  by/»x,(0<^-<w),  the  central  of  G  has  a  sub- 
group A  of  order  />x  ,  invariant  in  G  .  By  hypothesis  G/A  has  a  subgroup 
of  order  pm~x  and  therefore  (§  6,  I)  G  has  a  subgroup  of  order  pm  . 

If  G  is  Abelian  it  has  a  cyclic  subgroup  A  of  some  prime  order  q  . 
If  <7=f=/>  ,  G/A  has  a  subgroup  of  order  pm  and  therefore  G  contains  a 
permutation  of  order  p  (  §  6,  I  )  .  With  m  ==  2  ,  let  q  =  p  .  Then  G/A  has 
a  subgroup  of  order  pm~*  and  G  has  a  subgroup  of  order  pm  . 

The  theorem  is  true  when  g  =  pz  (§  9,  III).  Hence  it  is  universally 
true. 

If  pa  is  the  highest  power  of  the  prime  p  that  divides  the  order  g 
(  >  pa)  of  G  ,  any  subgroup  of  G  of  order  pa  is  called  a  Sylow  subgroup 
of  G. 

77.  Let  the  order  of  G  be  divisible  by  at  least  two  distinct  primes.  If 
there  is  in  G  a  subgroup  H  of  order  pm  which  is  not  included  in  a  subgroup 
of  order  p°  (  n  >  m)  ,  then  the  subgroups  of  order  pm  are  all  conjugate 
in  G,  their  number  is  congruent  to  unity,  modulo  p  ,  and  each  is  a  Sylow 
subgroup  of  G. 

Let  77'  be  any  other  subgroup  of  order  />m  .  These  groups  77  and  77' 
are  not  permutable,  for  then  77  would  be  contained  in  a  subgroup  of  G 
of  order  />n  (n  >  m)  .  Then  (§  9,  I)  77'  is  one  of  p*  (>  1)  conjugates 
under  77.  If  there  is  another  subgroup  77"  conjugate  to  77'  under  G  ,  it 
is  transformed  by  77  into  />b  conjugates  distinct  from  the  preceding,  and 
so  on.  Thus  77'  is  one  of  kp  +  1  or  kp  conjugate  subgroups  of  G  ,  as  77 
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is  or  is  not  conjugate  to  H' .  In  either  case  H  is  one  of  rp  +  1  conjugate 
subgroups  (r  a  positive  integer  or  zero).  Since  H  by  hypothesis  cannot 
be  invariant  in  a  subgroup  of  G  whose  order  is  divisible  by  />m+1 ,  it  follows 
(§  9,  I)  that  pm  is  the  highest  power  of  p  that  divides  g .  But  if  H'  is  a 
Sylow  subgroup  of  G  ,  the  number  of  conjugates  in  the  set  to  which  H' 
belongs  is  relatively  prime  to  p  .  Therefore  every  subgroup  of  order  pm 
is  conjugate  to  H  . 

This  implies  that 

///.  Any  subgroup  of  order  pm  of  a  group  whose  order  is  divisible  by 
two  or  more  distinct  primes  is  included  in  a  Sylow  subgroup. 

We  use  III  to  prove  the  theorem: 

IV.  Let  G  be  a  group  of  degree  n  (f/x?)  that  contains  no  permutation 
of  prime  order  p  rvith  so  few  as  q  cycles.    Let  p&  ,  pb  be  the  highest  powers 
of  p  that  divide  n\  and  (pq)  !  respectively.     Then  the  Sylow  subgroup 
of  G  corresponding  to  p  is  not  of  higher  order  than  />a~b  . 

Suppose  the  order  of  the  Sylow  subgroup  of  G  is  />a~b+k  .  The  Sylow 
subgroup  of  the  symmetric  group  of  degree  n  which  includes  this  group 
of  order  ^a~b+k  contains  also  a  subgroup  of  order  pb ,  the  Sylow  subgroup 
of  the  symmetric  group  of  degree  pq  .  Since  these  two  subgroups,  of 
orders  />a~b+k  and  />b ,  have  no  permutation  except  the  identity  in  common 
they  generate  the  Sylow  subgroup  of  the  symmetric  group  of  degree  n  , 
and  k  is  necessarily  zero. 

For  example,  if  a  group  of  degree  n  contains  no  permutation  of  de- 
gree less  than  u  -f-  1  except  the  identity,  its  order,  divides  n  \/u  \ . 

V .  In  a  group  of  order  pm  every  subgroup  of  order  pm~l  is  invariant. 
Let  H  be  a  subgroup  of  order  pm~*  of  a  group  G  of  order  pm .    If  H 

is  not  invariant  it  is  one  of  exactly  p  conjugates  under  G  .  But  if  H'  is 
a  subgroup  conjugate  to  H ,  the  latter  is  one  of  p  subgroups  of  G  conju- 
gate under  //' ,  each  distinct  from  H' .  This  being  impossible,  H  is  in- 
variant in  G  . 

VI.  In  a  group  of  order  pm  ,  every  subgroup  of  order  pu  (»<  m  —  1) 
is  included  in  a  subgroup  of  order  />n+1  . 

Let  H  be  the  subgroup  of  order  pn  of  the  group  G  of  order  pm .  It 
is  sufficient  to  show  that  H  is  a  subgroup  of  a  subgroup  of  G  .  This  is 
certainly  the  case  if  H  is  invariant  in  G  (§  6,  I).  Then  we  may  assume 
that  no  permutation  of  G  ,  not  in  H  ,  transforms  H  into  itself.  Let  H'  be 
a  conjugate  of  H .  Then  Hf  is  one  of  p*  conjugates  under  H  ,  and  if  H" 
is  still  another  conjugate  of  H  ,  it  is  one  of  />b  conjugates,  .and  so  on. 
Now  H  is  not  one  of  1  +  P*  +  /'"  +  '"'  conjugates  in  G  unless  certain 
exponents  a ,  b  ,  •  •  •  ,  are  zero.  But  if  every  permutation  of  H  transforms 
H'  into  H' ,  {H  ,  H'}  is  a  subgroup  of  G  because  H'  is  not  invariant  in  G  . 
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CHAPTER  II. 
TRANSITIVE  GROUPS. 

§11. 

Transitive  Groups.  —  Homomorphic  Groups. 

Let  G  be  a  group  of  degree  n  in  the  letters  ot  ,  o2  ,  •  •  •  ,  an  ;  G  is 
transitive  if  there  is  in  G  a  permutation  that  replaces  ax  by  a^  (i  =  2,  3, 
•  •  •  ,  n)  .  If  this  condition  is  not  fulfilled,  G  is  intransitive. 

I.  If  G  is  transitive  the  number  of  permutations  of  G  that  replace  al 
by  ai  (i  =  2  ,  3  ,  •  •  •  ,  or  «)  ,  is  equal  to  the  number  of  permutations  of  G 
that  fix  Oi  . 

Let  G!  be  the  identity  or  the  subgroup  of  G  that  does  not  displace  the 
letter  ox  .  If  the  permutation  Si  is  (a^ai  •  •  •  )  •  •  •  ,  all  the  permutations 

<?*ft 

are  distinct  and  replace  a:  by  a\  .    If  there  is  another  permutation 

Ti 
GiSiTi1  fixes  ax  ,  so  that 

and 


II.  The  order  of  the  subgroup  that  leaves  fixed  one  letter  of  a  transi- 
tive group  of  order  g  and  degree  n  (  <  g)  is  g/n  . 

III.  An  invariant  subgroup  vf  a  transitive  group  displaces  all  the 
letters  of  the  group. 

In  an  intransitive  group  of  degree  n  ,  the  letters  at  ,  a2  ,  ••  •  displaced 
by  it  fall  into  sets  such  that  no  permutation  of  G  replaces  a  letter  of  one 
set  by  a  letter  of  another  set,  while  some  permutation  of  G  replaces  one 
letter  of  a  set  by  any  other  letter  of  the  set.  If  there  are  nx  letters  in  the 
first  set,  n2  in  the  second,  ••'•',  then 

n  =  HI  -f  «2  +  •  •  •    . 

If  the  only  permutation  of  G  that  leaves  fixed  the  MI  letters  ax  ,  a2  ,  •  •  •  , 
ODJ  is  the  identity,  the  erasure  of  the  other  n  —  n^  letters  of  G  leaves  a 
transitive  group  on  the  letters  a±  ,  a2  ,  •  •  •  ,  oni  of  the  same  order  as 
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G.  But  when  more  than  one  permutation  of  G  leaves  fixed  all  the  letters 
ax ,  a2 ,  •  •  • ,  GDI  ,  the  subgroup  H  they  constitute  is  an  invariant  sub- 
group of  G  .  To  each  permutation  of  the  quotient  group  G/H  there 
correspond  therefore  one  or  more  permutations  of  a  group  on  the  letters 
0i  >  02  >  "  ' »  0nj  •  If  two  or  more  distinct  permutations  of  the  letters 
ax ,  a2 ,  •  •  • ,  ani  correspond  to  one  permutation  of  the  quotient  group,  the 
product  of  either  into  the  inverse  of  the  other  is  in  H ,  which  is  not  pos- 
sible if  they  are  distinct  permutations.  The  group  (A)  on  the  letters 
ai ,  a2  >  ' ' '  >  am  is  called  a  transitive  constituent,  or  more  accurately,  a 
transitive  constituent  group,  of  the  intransitive  group,  and  the  letters  them- 
selves are  called  a  set  of  transitivity  or  a  transitive  set.  To  any  group  can 
be  arbitrarily  assigned  as  many  transitive  constituents  in  one  letter  as  we 
like.  Such  constituents,  while  not  groups,  must  occasionally  be  taken  into 
account. 

The  order  of  A  is  equal  to  that  of  the  quotient  group  G/H  to  which  it 
is  isomorphic,  if  by  this  term  we  mean  that  the  permutations  of  the  two 
groups  are  in  a  one-to-one  relation  such  that  the  product  of  any  two  per- 
mutations in  one  group  corresponds  to  the  product  (in  the  same  order)  of 
the  two  corresponding  permutations  of  the  other  group.  The  groups  G 
and  G/H  are  said  to  be  multiply  isomorphic  or  to  be  in  (h,  1)  isomorphism. 
This  definition  is  applicable  to  two  groups  G  and  G'  whenever  G  has  a 
quotient  group,  with  respect  to  an  invariant  subgroup  of  order  h ,  to 
which  G'  is  isomorphic;  or  it  may  be  extended  to  the  trivial  case  of  any 
group  G  (of  order  g)  and  the  identity,  although  the  latter  is  not  a  group, 
between  which  obviously  there  always  exists  a  (g ,  1)  correspondence. 

Let  G  of  order  g  and  G'  of  order  g'  have  invariant  subgroups  H  of 
order  h  and  H'  of  order  h' ,  respectively.  If  between  the  permutations  of 
G  and  G'  a  correspondence  can  be  established  so  that  G/H  and  G' /H'  are 
isomorphic,  then  G  is  (h ,  h')  Isomorphic,  or  in  an  (h ,  h' )  isomorphism, 
to  G' .  This  definition  can  also  be  extended  if  we  replace  H  and  H'  by 
G  and  G' ,  and  the  isomorphic  quotient  groups  by  the  identity.  Thus  any 
two  groups  G  and  G'  are  (g ,  g'}  isomorphic.  This  trivial  (g ,  g'}  iso- 
morphism between  G  and  G'  is  the  relation  that  subsists  when  {G  ,  G'}  is 
the  direct  product  of  G  and  G'  . 

These  various  sorts  of  correspondences  may  be  described  by  one  gen- 
eral term:  homomorphism.  Some  correspondence  can  always  be  estab- 
lished between  the  permutations  of  any  two  groups,  or  between  a  group 
and  the  identity,  or  for  that  matter  between  two  identical  permutations, 
so  that  the  two  are  homomorphic.  Often  this  correspondence  can  be  set 
up  in  several  different  ways. 

When  there  is  an  (h  ,  1)  isomorphism  between  the  intransitive  group 
G  and  its  transitive  constituent  A  on  the  letters  av ,  a, ,  •  •  •  ,  ani  ,  it  is  not 
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necessarily  true  that  the  constituent  (B)  in  all  the  other  letters  of  G  is 
(h  ,  1)  isomorphic  to  A  .  In  fact,  if  B  and  A  are  two  (h  ,  h'}  isomorphic 
groups  on  different  sets  of  letters,  and  if  we  multiply  the  permutations  of 
the  corresponding  divisions  (g/hhf  in  number),  the  resulting  intransitive 
group  is  of  order  g  and  has  an  invariant  subgroup  H  of  order  h  in  letters 
of  B  ,  such  that  G/H  is  isomorphic  to  A  .  The  simplest  example  of  this 
sort  of  thing  is  presented  by  the  group 

{(abc),  (a'b'c'},  (ab}(a'b'}}. 

IV.  The  order  of  the  subgroup  of  an  intransitive  group  G  of  order  g 
that  leaves  fixed  one  letter  of  a  transitive  constituent  of  degree  n\  «  g) 


If  gi  is  the  order  of  the  transitive  constituent  in  question,  and  if  H  , 
of  order  h  ,  as  in  the  last  paragraph,  is  the  subgroup  of  G  that  fixes  all  the 
letters  of  that  constituent,  the  order  of  the  subgroup  that  fixes  one  letter  is 


§12. 
Regular  Groups  and  the  Holomorph. 

The  quotient  group  G/H  was  defined  in  §  6  by  a  right-hand  multipli- 
cation of  the  rows  HSi  by  permutations  of  G  .    Now 


is  a  permutation  of  order  2  of  the  letters  of  G/H .    It  transforms 

HSt 


into 

/  WC-l          \  /  t/C  \ 

/  .no  t  \  I  .rzov         \ 

(*  =  1,  2,   ••-,   ^/A) 


It  is  clear  that  two  groups  F  and  t~*Tt  are  isomorphic,  for  if 
these  permutations  correspond :  t~lat  to  a ,  and  t~*bt  to  b  ;  then  t~latt~lbt 
corresponds  to  ab  .  Hence  a  second  group  on  the  letters  of  G/H ,  isomor- 
phic to  G/H  arises  on  left-hand  multiplication  of  the  rows  of  G  with 
respect  to  H  by  permutations  of  G  .  Both  groups  are  transitive  and  are 
regular  groups,  this  term  being  used  of  a  transitive  group  whose  order  is 
equal  to  its  degree.  In  a  regular  group  any  permutation  displaces  either 
all  the  letters  or  none  of  them. 
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If 


by  putting  Sl  —  S1=l, 

and  therefore 

HS  iS  j  =^ 

Hence  the  cross-cut  of  G/H  and  of  its  transform  by 


HS? 

is  the  central  of  each  group.  If  the  two  groups  are  identical,  G/H  isl 
Abelian,  and  conversely.  Consider  a  permutation  that  is  commutative 
with  every  permutation  of  G/H  .  It  permutes  the  columns  of  the  per- 
mutations of  G/H  (§1).  If  it  fixes  HSi  (S^  is  the  identity  of  G)  , 
it  fixes  all  the  letters  of  G/H  .  If  it  replaces  HS^  by  HS)  ,  it  replaces 
by  HSjSi  (i=l  ,2  ,  •  •  •  ,  g/h)  ;  that  is,  it  is  the  permutation 

(»'=!,  2,  •••  ,g/h)  , 

and  is  therefore  in  the  transform  of  G/H  by 

'HSl 


Let  the  identity  be  used  in  the  place  of  H  .  Our  quotient  group  G/H 
is  now  replaced  by  a  regular  group  (F)  isomorphic  to  G.  Since  the 
identity  is  in  all  groups,  there  is  a  regular  group  F  of  degree  and  order  g 
isomorphic  to  every  group  G  ,  and  if  G  is  not  Abelian  there  is  another 
regular  group  F'  ,  called  the  conjoin  of  F  , 

,HSl  \      (HS. 
F'        =  I  IF 

*  I   ••• 


HS?]      \HS? 
If  G  has  k  invariant  permutations,  the  group 

(F,  F'} 

is  of  order  g2/k  .  Since  F'  consists  of  all  the  permutations  on  these  g 
letters  that  are  commutative  with  each  permutation  of  F ,  {F ,  F'}  is  the 
largest  group  in  the  letters  of  F  which  transforms  the  permutations  of  F 
according  to  its  own  permutations.  That  is,  all  other  permutations  that 
transform  F  into  itself  put  F  in  an  isomorphism  with  itself  in  a  way  that 
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can  not  be  brought  about  by  any  permutation  of  F .  To  fix  this  distinction 
we  call  these  one-to-one  correspondences  of  T  to  itself  inner  and  outer 
isomorphisms,  respectively.  The  subgroup  of  (F ,  F'}  that  leaves  Si 
fixed  is  of  order  g/k  and  gives  all  the  distinct  inner  isomorphisms  of  F  to 
itself.  It  should  be  noticed  that  this  group  of  inner  isomorphisms  of  F  is 
isomorphic  to  the  central  quotient  group  G/K  ,•  or  to  G  when  G  has  no 
central.  In  many  important  groups  there  is  no  central  and  F  has  no  outer 
isomorphisms.  Such  groups  are  called  complete  groups. 

But  if  outer  isomorphisms  for  F  exist,  they  fix  Si  ,  transform  F' , 
as  well  as  F ,  into  itself,  and  therefore  transform  the  group  of  inner  iso- 
morphisms into  itself.  Then  if  we  are  able  to  form  the  largest  group  of 
degree  g  in  which  F  is  invariant,  it  may  be  called  the  holomorph  of  F  (or 
of  G)  ,  and  in  it  the  subgroup  that  leaves  one  letter  fixed  is  / ,  the  group 
of  isomorphisms  of  G  .  No  two  permutations  of  /  transform  the  permu- 
tations of  F  in  exactly  the  same  way.  The  group  of  inner  isomorphisms, 
when  it  does  not  coincide  with  / ,  is  an  invariant  subgroup  of  / . 

In  §  3  all  the  permutations  that  transform  a  cyclical  group  of  degree 
and  order  p  into  itself  were  found.  They  constitute  the  holomorph  of  the 
group  of  order  p  .  This  group  is  of  order  p(p  —  1)  and  is  called  the 
metacyclic  group.  When  p  =  3  ,  it  is 

{Oi02a3)  »    (fliOa)}. 
When  p  =  5  ,  it  is 

{  (  Oia2ff3fl4«5 )  >   ( 02a3a5a4 ) }  , 

of  order  20.  The  subgroup  of  order  p  —  1  is  the  group  of  isomorphisms 
of  the  cyclic  group  of  order  p  .  The  latter,  being  Abelian,  has  no  inner 
isomorphisms.  It  is  worthy  of  remark  that  when  the  cyclic  group  of 
order  p  is  given,  all  the  other  permutations  of  the  metacyclic  group  are 
completely  determined.  Obviously  this  is  true  of  any  holomorph,  once 
the  group  F  is  fully  given.  The  metacyclic  group  has  an  invariant  sub- 
group of  order  pb  corresponding  to  every  divisor  8  of  />  —  1  .  One  of 
these  subgroups  is  the  diedral  group  of  order  2p . 

§  13. 
Complete  Groups. 

Complete  groups  were  defined  in  the  preceding  section.  The  reason 
for  this  name  may  be  found  in  the  principal  theorem  concerning  them : 

I.  A  group,  of  which  a  complete  group  H  is  an  invariant  subgroup, 
is  the  direct  product  of  H  and  another  group. 

The  given  group  G  may  be  written  in  the  array : 
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HSt  (*=1,2,  ••-,  g/h). 

Let  Oj ,  02 ,  •  •  •  ,  oh  be  the  permutations  of  H .  Since  H  admits  no  outer 
isomorphisms  a  permutation  of  OiSj  permutes  every  permutation  of  H 
exactly  as  does  some  permutation  ok  of  H  .  Now  cj^OiSj  (St  =4=  1)  is  not 
the  identity,  and  therefore  the  permutations  S\  ,  S2 ,  •  •  •  may  be  so  taken 
that  every  permutation  of  the  group 

K  =  (Si  ,  S2 ,  •  •  • ,  Sg/b} 

is  commutative  with  every  permutation  of  H  .  But  the  identity  is  the  only 
invariant  permutation  of  H  ,  so  that  K  is  of  order  g/h  .  Then  G  is  a  direct 
product  (§  8)  . 

Some  useful  information  about  groups  of  isomorphisms  can  be  ob- 
tained from  the  following  theorem.  It  will  in  particular  enable  us  to  show 
(§  54)  that  the  symmetric  group  on  n  letters  (w=}=2  ;  n=$=6)  is  a  com- 
plete group. 

II.If,S1,S2,  •  •  • ,  5"n  are  the  permutations  of  the  group  G  which 
transform  into  itself  each  of  certain  permutations  (groups,  functions) 

2v       ...     v 
i  >  -"2  >  •        >   «"m  > 

constituting  a  complete  set  of  conjugates  under  the  holomorph  of  G ,  then 
the  outer  isomorphisms  of  G  which  also  transform  2i  into  2,  (i=l  ,  2 , 
•  •  • ,  m)  transform  any  permutation  of  G  into  itself  multiplied  by  one  of 
the  permutations  S± ,  S2 ,  •  •  • ,  Sn . 

If  n  =  g ,  the  order  of  G ,  the  theorem  is  obviously  true. 

If  g  >  n  5  2  ,  the  permutations  Slt  Sz,  ••• ,  Sn  constitute  an  invari- 
ant subgroup  (£)  of  K  ,  the  holomorph  of  G  .  If  n=  1  ,  E  represents 
the  identity  of  G  .  Consider  T ,  a  permutation  of  the  group  of  isomor- 
phisms of  G  that  also  transforms  2t  into  24  (t't=  1  ,  2  ,  •  •  •  ,  m)  .  The 
powers  of  T  which  are  in  G  are  by  hypothesis  in  E .  Let  Ii  be  the  largest 
subgroup  of  G  under  which  2t  is  invariant.  Then  {T ,  7t}  is  the  largest 
subgroup  of  {G  ,  T}  under  which  2,  is  invariant.  The  groups  {T ,  /i} 
are  conjugate  under  K  .  The  permutations  of  E  ,  and  no  others,  are  com- 
mon to  A  ,  1 2 , ' ' '  ,  /m  •  Then  the  group  (7" ,  E}  is  transformed  into  itself 
by  all  the  permutations  of  {T ,  G}  .  If  £  is  the  identity,  {T ,  G}  is  there- 
fore the  direct  product  of  {T}  and  G  ,  and  T  is  not  an  outer  isomorphism, 
but  the  identity.  If  n  5  2  ,  {T  ,  G}/E  is  the  direct  product  of  {T ,  E}/E 
and  G/E  (§8,  IV).  This  is  equivalent  to  saying  that  T  transforms  any 
permutation  of  G  into  itself  multiplied  by  some  permutation  of  E  ,  and  the 
theorem  is  proved. 

Let  5  and  Si  be  two  permutations  of  the  group  of  isomorphisms  of 
G  ,  and  let  it  be  assumed  that  £  of  the  above  theorem  is  the  identity.  Now 
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/      2,    W      2,      X      =       /  2,        X 

\  5-2^  /  \  S^iSi  /  \  S^S^  / 


(*=1  ,  2,  •••  ,  m)  , 


so  that  the  permutations  of  the  letters  2i  which  arise  by  .transforming 
2i  (»e=l,  2,  •••,  w)  by  the  permutations  of  the  group  of  isomor- 
phisms of  G  constitute  a  group  isomorphic  to  the  group  of  isomorphisms 
of  G  .  Hence  : 

///.  //  the  identity  is  the  only  permutation  of  a  group  G  which  trans- 
forms into  itself  each  of  the  permutations  (groups,  functions) 

2v       ...     y 
1  }  ^2  >  >    ^m  > 

forming  a  complete  set  of  conjugates  under  the  holomorph  of  G  ,  then  the 
permutations  of  the  letters 

2y  y 

1  >    ^2  >  »      -^ffl  > 

when  the  m  conjugates  are  transformed  by  all  the  permutations  of  the 
group  of  isomorphisms  of  G  ,  constitute  a  transitive  group  isomorphic  to 
that  group  of  isomorphisms. 

If  two  permutations  (groups,  functions)  2  and  2X  are  conjugate 
under  the  holomorph  of  G  ,  but  are  not  conjugate  under  G  ,  it  is  easy  to 
see  that  the  number  of  conjugates  (under  G)  of  2  is  the  same  as  the 
number  of  conjugates  of  2X  .  For  if  S  is  a  permutation  of  G  ,  and  if  T  , 
an  outer  isomorphism,  transforms  2  into  2X  ,  and  S  into  S\  ,  then  T  trans- 
forms S-^S  into  S^S^  .  Hence  : 

IV.  The  number  of  conjugates  under  G  of  any  permutation  (group, 
function)  divides  the  number  of  its  conjugates  under  the  holomorph  of  G  . 

In  the  metacyclic  group  there  are  p  conjugate  subgroups  of  order 
p  —  1  and  no  other  subgroup  of  this  order.  No  one  of  the  subgroups  of 
order  p  —  1  is  transformed  into  itself  by  a  permutation  not  in  it.  Then 
the  group  of  isomorphisms  of  the  metacyclic  group  is  isomorphic  to  a 
transitive  group  of  degree  p  .  Since  the  metacyclic  group  is  already  the 
holomorph  of  the  cyclic  group  of  order  p  ,  it  is  a  complete  group.  Hence 
the  theorem: 

V.  The  metacyclic  group  is  a  complete  group. 

The  symmetric  group  of  degree  4  has  four  cyclic  subgroups  of  order 
3  generated  by 

(abc)  ,    (abd)  ,    (acd)  ,  and  (bed)  . 
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No  permutation  (except  the  identity)  transforms  each  of  these  subgroups 
into  itself.  Then  the  group  of  isomorphisms  of  the  symmetric  group  of 
degree  4  is  isomorphic  to  a  transitive  group  of  degree  4.  In  other  words 
the  symmetric  group  of  degree  4  is  a  complete  group. 

This  likewise  proves  that  the  group  of  isomorphisms  of  the  alter- 
nating group  of  degree  4  is  isomorphic  to  the  symmetric  group  of  degree  4. 

§  14. 

i 
Transitive  Groups  Isomorphic  to  a  Given  Group. 

Let  the  subgroup  H  of  §  6  be  freed  from  the  restriction  that  it  is 
invariant  in  G  .  Assume  in  addition  that  H  contains  no  invariant  sub- 
group of  G  .  Let  Oi  ,  o2  ,  •  •  •  ,  ah  be  the  permutations  of  H  ,  and  let 
5*2  ,  5"8  ,  •  •  •  be  permutations  of  G  not  in  H  so  chosen  that  G  may  be  written 
in  the  array  (5*!==  1) 

HSi  ,  HS2  ,  HS3  ,  '  '  •  ,  HSg/h  . 

Now  when  all  the  permutations  of  this  array  are  multiplied  (on  the  right) 
by  the  permutations  of  H  ,  the  g/h  rows  of  G  are  permuted  thus  : 


HSo  ,  HSa 


We  may  write  these  permutations  : 

HSt 


(i=l,  2,  •  •  •,  g/h). 


They  fix  HS1  .    If  one  of  them  fixes  all  the  letters, 

0xSi  =  OySiOj         (i  =  2,  3  ,  •  •  •  ,  g/h)  , 


and  H  contains  all  the  conjugates  under  G  of  Oj  ,  that  is,  contains  one  of 
the  invariant  subgroups  of  G  ,  contrary  to  hypothesis.  These  h  permuta- 
tions constitute  a  group  isomorphic  to  H  .  For 


HSl     \/HS,     \  tHS,        \ 

/ 
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Now  multiply  the  original  array  by  all  the  other  permutations  of  G 


HS3S2 


HS1o2S2 ,  HS2a2S2 ,  HS3o2S2 , 
,  HS3GiS) , 


Since  we  have 

HS,        \/HSl        \  /HS, 


\ 

) 


the  permutations  in  the  letters  HSj.  ,  HS2  ,  '"  constitute  a  transitive 
group  of  degree  g/h  and  order  g  ,  isomorphic  to  G  .  Hence,  combining 
this  result  with  IV  of  §  11,  we  have: 

I.  The  necessary  and  sufficient  condition  that  a  group  G  be  isomor- 
phic to  some  transitive  group  of  degree  n  is  that  it  have  a  subgroup  of. 
index  n  which  includes  no  invariant  subgroup  of  G  . 

§  15. 
A  Group  Isomorphic  to  the  Symmetric  Group. 

This  last  theorem  can  be  well  illustrated  by  one  of  the  transitive 
groups  isomorphic  to  the  symmetric  group  of  degree  n  (=?4)  •  The  largest 
intransitive  subgroup  of  the  symmetric  group  is  the  direct  product  of  the 
symmetric  group  of  degree  n  —  2  and  a  group  of  degree  and  order  2  in 
the  two  other  letters.  Suppose  this  intransitive  group  of  order  2(n  —  2)  ! 
to  include  a  subgroup  invariant  in  the  symmetric  group.  Let  1,  (n  —  1,  n) 
be  its  transitive  constituent  of  degree  2.  Since  an  invariant  subgroup  of 
a  transitive  group  displaces  all  the  letters  of  the  group,  our  invariant  sub- 
group must  have  the  transitive  constituent  {(«  —  1  ,  n}}  .  The  perrmi- 
tation  (1  ,  n)  must  transform  it  into  itself,  and  therefore  {(l,w  —  l)}is 
also  a  transitive  constituent,  which  is  absurd.  Since,  then,  this  subgroup 
includes  no  invariant  subgroup  invariant  in  the  symmetric  group,  the 
latter  is  isomorphic  to  a  transitive  group  of  degree  n  (n  —  l)/2  .  There 
are  just  as  many  of  these  intransitive  subgroups  of  order  2(w  —  2)  !  as 
there  are  transpositions  of  n  letters,  so  that  the  permutations  of  the  re- 
quired transitive  group  of  degree  n(n  —  l)/2  record  the  permutations  of 
the  transpositions 

(23)  ,  (31)  ,  (12)  ,  (14)  ,  (24)  ,  (34)  ,  (15)  ,  (25)  ,  (35)  ,  (45)  , 
•     •     •     -,     (In)  ,    (2n)  ,   •••,    (n—  1,  n)  , 
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by  the  symmetric  group  on  the  subscripts  1  ,  2  ,  •  •  •  ,  n  .    Let  us  write  for 
these  transpositions  the  letters 

b1  ,  b2  ,  b3  ,  al  ,  a2  ,  az  ,  c^  ,  c2  ,  c3  ,  c4  ,  •  •  •  ,  /x  ,  12  ,  •  •  •  ,  /n_i  . 
Then  to  the  generators  of  the  symmetric  group, 

(12),  (13),   (14),  (45),   (46),  (47),  ••-,  (4n)  , 
correspond  in  order 


l  —  (alaa)(blbs)(c1Lc9)(dld3)(eleB)    •••  (IJ3)  , 


S2  =  (a2 


S  = 


^n_2  =  (fli/i)  (02/2)  (a,/8)  (cJ6) 
To  (n  —  1  ,  n)  corresponds 


which,  with 

{0,01,62,''',    On_4/  > 

generates  the  subgroup  that  leaves  /^  fixed.    This  subgroup 

(o  ,  Oi  ,  o2  ,   '  '  '  ,  on_4)  , 

has  two  symmetric  constituents  of  degree  n  —  2  in  the  letters  kl  ,  fc2  ,  •  •  •  , 
fcn_2  and  /!  ,  /2  ,  •  •  •  ,  /n_2  ,  respectively,  and  one  transitive  constituent  of 
degree  (n  —  2)(n  —  3)/2  isomorphic  to  the  symmetric  group  of  degree 
n  —  2  .  Then  the  subgroup  that  leaves  one  letter  fixed  has  just  two  transi- 
tive constituents,  one  of  order  2(n  —  2)  !  and  one  of  order  (n  —  2)  !  . 

Certainly  no  permutation  of  the  symmetric  group  can  permute  fewer 
transpositions  than  does  the  transposition  (12)  ,  which  permutes  just 
2n  —  4  transpositions. 

§   16. 

Definition  of  Primitive  and  Imprimitive  Groups, 
of  Equivalent  and  Similar  Groups. 

A  transitive  group  of  degree  n  is  imprimitive  if  there  are  n/m  systems 
of  m  (1  <  m  <  H)  letters,  with  no  letter  in  common,  that  are  permuted 
as  units  by  the  group.  The  systems  are  known  as  systems  of  imprimitivity 
of  the  group. 
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If  a  transitive  group  has  no  such  systems  of  imprimitivity  it  is  called 
a  primitive  group.  This  definition  may  be  put  in  positive  form  by  saying 
that  some  permutation  of  a  primitive  group  of  degree  n  replaces  one  letter 
of  any  alleged  system  of  tn  (1  <  m  <  n)  letters  by  a  letter  of  that  system, 
and  one  of  the  m  letters  by  a  letter  not  a  member  of  the  system. 

Groups  of  prime  degree  are  primitive  if  they  are  transitive.  Cyclic 
groups  generated  by  a  circular  permutation  of  composite  order  are  im- 
primitive.  Thus  the  systems  of  imprimitivity  of 

1,     (a&op),     (aa)(*P),     (afiab) 

are  a ,  a  and  b  ,  (5 .  When  writing  the  letters  of  systems  of  imprimitivity 
of  a  transitive  group  we  shall  in  the  future  omit  the  commas.  Systems  of 
imprimitivity  of  the  regular  group  of  order  6,  isomorphic  to  the  symmetric 
group  of  order  6: 

1,(123)(465),(132)(456),(14)(25)(36),(15)(26)(34),(16)(24)(35); 

are  123  and  456.  Three  of  the  permutations  transform  each  system  into 
itself.  Other  systems  are  14 ,  26 ,  35  .  If  these  three  systems  are  tagged 
Slt  S2 ,  S3,  respectively,  the  group  is  isomorphic  to 

1,    (S,S2S3),    (S,S3S2),    (S2S3),    (SJ3),    (S,S2). 

«  In  like  manner  15  ,  24,  36  and  16,  25  ,  34  are  systems  of  imprimitivity 
and  they  too  are  permuted  according  to  the  above  group. 

If  a  group  G  has  a  subgroup  H ,  the  regular  group  T  isomorphic  to  G 
is  imprimitive.  For  the  rows 

HS,  .(»=!,  2,   •••-,   g/h), 

are  permuted  as  units,  and  one  system  of  imprimitivity  is 

o\  ,  o2,  ,   oh , 

if  these  are  the  permutations  of  H  ,  treated  as  letters  of  F .  Exactly  the 
same  regular  group  F  is  obtained  from  all  groups  isomorphic  to  F  (that  is, 
to  G).  It  follows  that  all  those  subgroups  of  index  n  in  F  ,  which  include 
no  invariant  subgroup  of  G  ,  and  which  are  conjugate  in  the  holomorph 
of  F ,  give  the  same  transitive  group  of  degree  n  isomorphic  to  F  . 

We  say  that  two  groups  are  equivalent  when  there  exists  a  permuta- 
tion by  which  one  can  be  transformed  into  the  other.  If  no  such  permu- 
tation exists  the  two  groups  are  non-equivalent,  or  distinct.  But  when 
the  word  distinct  is  applied  to  subgroups  of  some  group,  it  merely  means 
that  the  two  subgroups  under  discussion  are  not  in  every  respect  identical. 
Thus 
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1 ,  (ab)  ;   and  1 ,    (ac)  ; 

are  not  distinct  groups  but  are  distinct  subgroups  of  the  symmetric  group 
of  degree  n  (>  2)  ,  in  which  they  are  conjugate. 

Two  equivalent  groups  G  and  G'  are  similar  (cf.  §  3)  when,  if 
Si  and  S'i  are  corresponding  permutations  in  some  isomorphism  of  G  to 
G' ,  given  in  advance,  a  permutation  T  exists  such  that 

T-^SiT  =  S\  (i=l,  2,  •••,  g). 

If  no  such  permutation  T  exists,  then  G  and  G'  are  dissimilar. 

To  illustrate  the  distinction  between  equivalence  and  similarity,  the 
groups 

1,   (ab),  (a/),   (a&)(«f), 
and 

1,    (op),    (op)(Y»),    (Y»> 

are  equivalent,  because  (act)  (fe|3)  (cy)  (flfS)  transforms  one  into  the  other. 
The  order  in  which  the  permutations  are  written  exhibits  an  isomorphism 
between  the  two  groups.  But  with  respect  to  this  isomorphism  the  groups 
are  dissimilar,  for  the  two  corresponding  permutations  (cd)  and  (cc(3)  (78) 
are  not  similar.  It  must  be  emphasized  that  when  two  groups  are  similar, 
the  underlying  isomorphism  cannot  in  general  be  disturbed  without  turn- 
ing them  into  dissimilar  groups.  Two  groups  whose  permutations  are 
identical  are  equivalent,  but  not  always  similar.  For  example,  if  (ab) 
corresponds  to  (ab)  ,  and  (cd)  corresponds  to  (ab)  (cd)  ,  the  groups 
{(ab)  ,  (cd)}  and  {(ab)  ,  (ab)(cd)}  are  dissimilar. 

If  two  transitive  groups  G  and  G'  are  equivalent  the  permutation  T 
which  transforms  G  into  G'  can  be  chosen  so  that  it  transforms  a  given 
subgroup  that  leaves  one  letter  of  G  fixed  into  any  subgroup  of  G'  that 
leaves  one  letter  of  G'  fixed.  Hence : 

/.  There  arc  as  many  distinct  transitive  groups  of  degree  n  isomor- 
phic  to  a  given  group  G  as  there  are  in  F  (the  regular  group  isomorphic 
to  G)  complete  sets  of  subgroups  of  index  n ,  conjugate  under  the  holo- 
morph  of  G ,  which  include  no  invariant  subgroup  of  G  . 

One  of  the  easiest  applications  of  this  theorem  is  to  the  diedral  groups. 
In  the  holomorph  of  a  diedral  group  of  order  2n  (n  >  2)  ,  the  n  permuta- 
tions of  order  2  which  transform  the  permutation  of  order  n  into  its  inverse 
form  a  single  conjugate  set.  Furthermore  the  only  subgroup  of  the  die- 
dral group  which  includes  no  invariant  subgroup  of  the  entire  group  is 
of  order  2  and  is  one  of  the  n  subgroups  of  order  2  whose  generators 
transform  the  permutation  of  order  n  into  its  inverse.  Therefore  there 
are  only  two  distinct  transitive  groups  isomorphic  to  a  diedral  group  of 
order  2n  .  One  is  the  regular  group  and  the  other  is  of  degree  n  . 
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§  17. 
The  Subgroup  That  Fixes  One  Letter  of  a  Transitive  Group. 

Consideration  of  the  regular  group  F  isomorphic  to  G  shows  that  if 
G  is  a  transitive  group  on  the  letters  ai  ,  a2  ,  •  •  •  ,  an  it  will  be  imprimitive 
if  the  subgroup  H  of  order  h  (>  1)  that  fixes  a:  is  a  subgroup  of  another 
subgroup  H'  of  G  .  Then  if  H  is  a  maximal  subgroup  of  G  ,  that  is,  is  not 
a  subgroup  of  a  subgroup  of  G  ,  G  is  primitive.  When  H  fixes  a,  in  addi- 
tion to  a1  ,  and  is  not  the  identity,  all  permutations  of  G  that  replace  a1  by 
at  transform  H  into  itself.  Conversely,  if 


transforms  H  into  itself,  the  h  permutations  HS  do  so,  and  therefore  H 
fixes  ai  .  In  consequence  : 

I.  If  H  is  invariant  in  a  subgroup  of  G  of  order  ah  (a  >  1)  ,  H  fixes 
exactly  a  letters  of  G,  and  conversely. 

If  H  is  not  an  invariant  subgroup  of  a  subgroup  of  G  ,  H  displaces 
n  —  1  letters.  In  particular,  if  G  is  primitive,  H  is  of  degree  n  —  1  . 

A  property  of  the  symmetric  group  of  degree  n  is  that  one  of  its  per- 
mutations replaces  any  n  —  1  letters  by  any  n  —  1  arbitrarily  chosen  let- 
ters. When  in  a  group  G  a  permutation  exists  that  replaces  any  t  (p  2) 
letters  by  any  t  arbitrarily  chosen  letters,  G  is  said  to  be  multiply  transitive, 
or  more  exactly,  t-ply  transitive  or  t  times  transitive.  The  symmetric 
group  is  (n  —  l)-ply  transitive.  A  multiply  transitive  group  is  a  fortiori 
primitive.  The  subgroup  of  a  t-ply  (t  5  2)  transitive  group  G  that  leaves 
fixed  one,  two,  •  •  •  ,  t  —  1  letters  is  transitive,  and  the  order  of  G  is 

n  (n  —  1)   •  •  •    (n  —  t  +  1)  m  , 

where  m  is  the  order  of  the  subgroup-  of  G  that  leaves  t  letters  fixed.  If 
the  subgroup  H  of  G  that  leaves  one  letter  ox  fixed  is  a  transitive  group  of 
degree  n  —  1  ,  then  G  is  at  least  doubly  (2-ply)  transitive.  Since,  when  G 
is  multiply  transitive,  H  is  transitive  of  degree  n  —  1  ,  the  cross-cut  of 
S~1HS  (S  replaces  ax  by  ai)  and  H  is  of  order  h/(n  —  1)  ,  or  reduces  to 
the  identity.  Consequently  (see  §  8,  II)  the  number  of  distinct  permuta- 
tions in  HSH  is  h(n  —  1)  ,  that  is,  the  array  HSH  includes  all  the  permu- 
tations of  G  not  in  H  .  This,  then,  is  a  necessary  condition  that  the  transi- 
tive group  H  of  degree  n  —  1  is  the  subgroup  that  fixes  one  letter  of  a 
multiply  transitive  group  of  degree  n  .  That  it  is  also  a  sufficient  condition 
follows  from  the  fact  that  all  the  permutations  HSH  displace  av  ,  the  letter 
fixed  by  H  ,  if  5"  displaces  av  ,  so  that  H  is  actually  a  maximal  subgroup 
of  G  .  We  have  proved  : 
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//.  The  necessary  and  sufficient  conditions  that  a  group  G  be  isomor- 
phic  to  a  multiply  transitive  group  of  degree  n  are: 

(1)  G  has  a  subgroup  H  of  index  n  ^vhich  includes  no  invariant  sub- 
group of  G  . 

(2)  Any  permutation  of  G  is  in  H  or  in  HSH,  where  S  is  any  permu- 
tation of  G  not  in  H  . 

§  18. 
An  Existence  Theorem  for  Multiply  Transitive  Groups. 

When  a  group  H  of  degree  n —  1  and  order  h  is  given  it  is  possible 
to  set  up  a  large  number  of  permutations  -S"  that  generate  with  H  a  transi- 
tive group  of  degree  n  .  It  is  of  importance  to  know  what  conditions  S 
must  satisfy  in  order  that  {H  ,  S}  may  be  of  order  nh .  It  is  a  difficult 
question  to  answer  when  H  is  intransitive.  But  when  H  is  a  non-regular 
transitive  group,  and  especially  when  H  is  doubly  transitive,  the  following 
theorem  gives  the  required  conditions  in  convenient  form. 

/.  Let  H  be  a  transitive,  non-regular  group  of  degree  n  —  1  and  of 
order  h  .  Let  all  the  permutations  of  H  occur  in  the  arrays  F  ,  FRF , 
FR^F ,  •  •  •  ,  FRkF ,  where  F  is  the  subgroup  that  leaves  one  letter  of  H 
fixed,  and  R  ,  R± ,  •  •  •  are  permutations  of  H  not  in  F  .  If  S  is  a  permu- 
tation of  order  2  which  displaces  one  letter  new  to  H ,  and  such  that 

SFS  =  F,SRS  =  HSH ,  SRtS  =  HSH,  •  •  •,  SRkS=HSH, 

then  {H ,  S}  is  of  order  nh. 

Every  permutation  of  G  =  {H ,  S}  can  be  written  in  the  form  of  a 
finite  continued  product 

•  •  •  HSHSH 
and  this  product  can  be  reduced  to  H  or  to  HSH  if 

SHS  =  H, 
or  if 

1    SHS  =  HSH. 

The  necessary  and  sufficient  condition  that  SFRFS  (=FSRSF)  reduces 
to  HSH  is  that 

SRS  =  HSH  . 

Since  every  permutation  of  the  array  HSH  displaces  a  letter  new  to  H 
if  5"  does  so,  H  is  seen  to  be  a  maximal  subgroup  of  G  . 


42  PRIMITIVE  GROUPS 

The  following  discussion  will  be  found  helpful  when  we  come  to 
apply  this  theorem  to  actual  groups. 

If  H  is  doubly  transitive  F  and  FRF  include  all  the  permutations  of 
H  .  If  a  is  a  letter  of  F  and  b  is  the  letter  of  H  that  F  leaves  fixed,  some 
permutation  of  order  2  of  H  can  be  transformed  into  (ab)  •  •  •  ,  and  this 
permutation  may  be  called  R  .  Since  G  is  triply  transitive,  and  H  is  a 
maximal  subgroup  of  G  ,  a  permutation  (be)  (a)  •  •  •  of  order  2,  in  which 
c  is  new  to  H  ,  may  be  used  for  6"  .  Then  the  condition 

SRS  =  HSH  , 
since  RS  '=  (acb)  •••,  reduces  to 


If  H  is  not  doubly  transitive,  F  leaves  b  fixed,  and  has  two  or  more 
other  transitive  constituents  (counting  those  of  one  letter).  Let  us  select 
one  letter  from  each  of  these  k  -\-  1  transitive  sets:  a  ,  Oi  ,  •  •  •  ,  ak  .  If 
now 

R=  (ba  •••)•••, 


are  permutations  of  H  ,  all  the  permutations  of  H  can  be  written  in  the 
arrays 

F  ,  FRF  ,  FR^F  ,  •  •  •  ,  FR*F  . 

For  FRF  ,  say,  includes  all  the  permutations  of  H  which  replace  &  by  a 
letter  of  the  transitive  set  a  ,  a'  ,  •••  of  F  .  Now  let  S=  (be)  •  •  •  be 
a  permutation  of  order  2  (there  certainly  is  one  such  in  G  )  that  generates 
with  the  maximal  subgroup  H  the  doubly  transitive  group  G  .  It  may  be 
rriat  some  of  the  permutations  R  ,  R1  ,  •  •  •  can  be  so  chosen  that 

(RiS)3  =  F  (i  =  0,  1,   ••-,  ork  ;R0  =  R)  . 

But  this  is  not  always  possible.  In  general  we  have  to  find  two  permu- 
tations U  and  V  in  H  that  will  satisfy  the  equation 


Now 

Ri  =  (bai  •••  )(c) 

Let  5"  replace  ai  by  the  letter  aj  of  the  set  flj  ,  a]  ,  •  •  •  of  F.     Then 
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so  that 


where  T  is  a  permutation  of  F  which  replaces  a\  by  0j  .    The  permutation 
or,  if  we  prefer  it, 

for  some 

T= 

of  .F  ,  should  be  in  H  .    If  U  proves  to  be  a  permutation  R^Ti  ,  where 
belongs  to  F  ,  we  have  not  only 

SRiS  =  HSH  , 
but  also 

SRjS  =  HSH  , 
and 


§  19. 

Average  Number  of  Letters  in  the  Permutations 
of  a  Transitive  Group. 

The  characteristic  (§2)  of  a  permutation  of  a  group  of  degree  n  is 
the  difference  between  the  degree  of  the  group  and  the  degree  of  the  per- 
mutation. The  characteristic  of  the  identity  is  n  . 

Let  G  be  a  transitive  group  of  order  g  and  degree  n  ,  and  let  the  per- 
mutations of  G  lie  in  complete  sets  of  conjugates  of  gi  ,  g2 ,  •  •  • ,  gb 
permutations  each.  Let  the  subgroup  (G'}  of  G  that  leaves  one  letter 
fixed  include  just  g\  permutations  of  the  itb  conjugate  set  of  G  .  Now 
conjugate  permutations  have  equal  characteristics  (§2).  Let  Xi  be  the 
characteristic  of  any  permutation  of  the  ith  conjugate  set  of  G  ,  that 
one,  say,  in  which  there  are  g\  members.  Consider  a  permutation  of 
G' .  It  has  g[  conjugates  in  G'  under  G  and  fixes  Xt  letters  of  G . 
Therefore 

gi  =  ng'tfo  , 
and 

h  h  h 

n  ^  g\  —  n-  g/n 
1=1 
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That  is,  the  sum  of  the  characteristics  of  all  the  permutations  of  a  transi- 
tive group  is  equal  to  the  order  of  the  group,  or  in  other  words: 

/.  The  average  number  of  letters  in  the  permutations  of  a  transitive 
group  of  degree  n  is  n  —  1 . 

If  G  is  an  intransitive  group,  in  which  there  are  a  transitive  constitu- 
ents (even  if  we  count  those  of  one  letter) 

h 

2  £1X1  =  o-g  • 

i  =  l 

Hence : 

//.  The  average  number  of  letters  in  the  permutations  of  an  intransi- 
tive group,  in  which  there  are  a  transitive  constituents,  is  n  —  a  . 

The  identity  leaves  fixed  n  letters  of  a  transitive  group  of  dfgree 
n,  and  therefore,  by  Theorem  I: 

///.  A  transitive  group  of  degree  n  contains  at  least  n  —  1  permuta- 
tions which  displace  n  letters. 
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CHAPTER  III. 
GROUP  CHARACTERISTICS. 

§20. 
The  Normal  Form. 


Let  the  substitution 

n 

A    •  *•     •    -    V 

Si    .  X\    —    s , 


transform  the  linear  function 

n 
1  =  1 

where  not  every  e:l  is  zero,  into 

n 

*2 

1=1 

Since 

n                               n  n  n  n 

2V^  x-i               '  • ^i  ^i 

M,I*M  ==  2^  "n  ZJL  '*ij'*j  ==  '•  2.1  e± 

1=1                  1=1  1=1  1=1  1=1 

we  have 

n 

(1)  2    ^li^ll    =    ^il 

1=1 

Then  I.  must  be  a  root  of  the  equation 

*U  —  f       fl12  «13        '        '        '        «ln 


(2) 


a2Z  '        °23 


1=1 


=  0 


This  equation  is  known  as  the  characteristic  equation  of  the  substi- 
tution A  .  Since  the  left-hand  member  of  (2}  is  the  determinant  (§2)  of 
a  substitution  whose  coefficients  are  the  elements  of  the  determinant, 
t  being  arbitrary,  it  may  be  remarked  in  passing  that : 

/.  The  characteristic  equation  of  A  is  invariant  under  transformation 
of  A  by  any  substitution  of  non-zero  determinant. 

When  a  root  X  of  the  equation  (2)  has  been  found  and  put  in  (1), 
equations  (1)  may  be  solved  for  the  ratios  of  the  quantities  en  ,  eiz ,  "  ' , 
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ela  .  Suppose  a  set  of  solutions  for  £u  has  been  obtained,  corresponding 
to  t  =  AX  .  The  substitution 

n 

TI  :  yi  =  2  *n*i  (i=l,  2,  •••  ,  n)  , 

1=1 

in  which  some  e^  is  not  zero  while  n2  —  n  coefficients  are  arbitrary,  and 
whose  determinant  may  therefore  be  made  different  from  zero,  transforms 
A  into  a  substitution 


yi  =  2  bny'i  (i  =  2,  3,  •••,  n)  . 

1=1 

Now  consider  the  substitution 
B  :  y,  =  2  fr.tfi  (»  =  2;  3,  ••-,  n). 

1=2 

Its  characteristic  equation  is  the  quotient  of  (2)  by  t  —  Ax  .  Set  up  the 
substitution 

n 

*t  =  2  A  j^j  (•'  =  2  ,  3  ,  •  •  •  ,  n)  , 

1  =  2 

in  which  the  /2j  are  solutions  of  the  n  —  1  equations 

n 

2  /2i&ii  =  ^2/21  0  =  2,  3  ,  •  •  •  ,  n)  , 

1  =  2 

and  X2  is  a  solution  of  the  characteristic  equation  of  B  ;  the  arbitrary  co- 
efficients are  so  taken  that  the  determinant  of  the  substitution  is  not  zero. 
This  substitution  transforms  B  into 


z\  =  2  c\\z\  (*==  3  >  4 ,  •  •  • ,  n)  . 

1  =  2 

Then  the  substitution 

•/  2   "  n 

•^i  ==  2  / 11^1  (* :^  2  ,  3  ,  ' ' '  ,  w) 

1  =  2 

is  of  non-zero  determinant  and  the  product  7\T2  transforms  A  into 


(t  =  3,  4,  ••-,  n)  . 
1=1 
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This  process  may  be  continued  until  A  is  transformed  into  a  substitution 
in  which  all  the  coefficients  above  the  principal  diagonal  are  zero  and  the 
coefficients  of  the  principal  diagonal  are  the  roots  of  the  characteristic 
equation  A  in  any  desired  order: 

i 
L  :  *i  =  2  kij-tfj  (i  =  1  ,  2  ,•••,«). 

1=1 

A  substitution  in  which  all  the  coefficients  above  the  principal  diag- 
onal are  zero  is  in  normal  form  or  is  a  normal  substitution.  Hence  the 
last  result  may  be  stated: 

II.  Any  substitution  can  be  transformed  into  the  normal  form. 

It  should  be  noticed  that  the  product  of  two  normal  substitutions  is  a 
normal  substitution. 

The  coefficients  in  the  principal  diagonal  of  a  normal  substitution  are 
called  the  multipliers  of  the  substitution.  If  the  only  non-zero  coefficients 
of  a  substitution  are  in  the  principal  diagonal,  the  substitution  is  said  to 
be  a  multiplication. 

The  variety  of  a  substitution  is  the  number  of  distinct  roots  in  its 
characteristic  equation.  If  a  multiplication  is  of  variety  one,  it  is  known 
as  a  similarity  substitution: 


Such  a  substitution  is  commutative  with  every  substitution  on  the  same  n 
variables. 

§  21. 

The  Open  Product. 

A  substitution  on  n  variables,  that  replaces  ^  (  <  n)  of  its  variables 
by  linear  functions  of  themselves  and  replaces  the  n  —  j  other  variables 
also  by  linear  functions  of  themselves,  is  called  an  open  product,  and  the 
two  substitutions  on  the  j  and  n  —  s  variables  are  called  components  of 
the  open  product.  Of  course  a  component  may  likewise  be  an  open 
product. 

The  substitution 

xv  =  ax[  -f-  b.r'a  . 


=  ***  , 
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is  an  example  of  an  open  product.    It  is  the  product  of  the  commutative 
substitutions 

x^  —  ax\  -f  bx'2  , 

x^  =  cx\  -j-  dx\  . 


and 


If  A,SS=}=AU  (j  >  0  we  may  transform  L  (of  §  20)  by  the  substitu- 
tion 

yi  =  *i  (»'=!,  2,  •••,  j  —  1)  , 


yi  =  *i  (t  =  j  +  1  ,  J  +  2,  •••,  n)  . 

The  transform  TsiLT8t  does  not  differ  from  L  in  the  first  j  —  1  lines. 
All  its  coefficients  above  the  principal  diagonal  are  zero.  The  sth  and  fol- 
lowing equations  of  the  transformed  substitution  are 

t  s 

y*  =  2  (*«j  +  Wtjb'j  —  Ast^ss3rt  +  2  ^sj^i  , 


1=1 

Only  the  coefficients  of  the  first  t  columns  of  T~s\LTst  differ  from  the  cor- 
responding coefficients  of  L  .    If  we  put 


a  zero  appears  in  T~s\LTat  where  Xst  stood  in  L  .  By  a  previous  transforma- 
tion the  various  equal  multipliers  of  A  have  been  grouped  together  along 
the  principal  diagonal  of  L  ,  let  us  say.  Hence  if  Xss  is  the  first  coefficient 
of  the  principal  diagonal  different  from  X^  ,  we  replace  Xs,  B_l  ,  XS)  s_2  ,  •  •  •  , 
XB1  ,  in  turn  by  zero,  then  treat  the  next  row  in  the  same  way,  and  so  on. 
In  this  way  all  the  coefficients  below  and  on  a  line  with  unequal  elements  of 
the  principal  diagonal  of  L  can  be  removed.  The  final  transform,  if  A 
has  k  unequal  multipliers  each  repeated  HI  (i==  1  ,  2  ,  •  •  •  ,  k)  times,  con- 
sists of  k  substitutions  on  n{  variables  no  two  of  which  have  a  variable  in 
common.  We  have  proved  : 

7.  Any  substitution  of  variety  5  2  can  be  transformed  into  an  open 
product  of  component  normal  substitutions  of  variety  one. 
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§22. 

The  Canonical  Substitution. 

I.  The  normal  substitution  of  variety  one 

t 
M  :  Xi  =  ^  \i^x\  (|iu=X;»=l,  2,  •••,  n) 

1=1 

can  be  transformed  into 

*i  =  **i, 

Xi  =  EiAV!  -{-  \x\     (E,  =  0  or  1  ;  i  =  2  ,  •  •  •  ,  «). 


Let  this  theorem  be  assumed  true  for  any  two  substitutions  M  and  C 
on  not  more  than  n  —  1  variables.  If  n  =  1  ,  M  is  already  in  the  required 
form,  as  it  is  also  if  n  =  2  and  u.21  =  0  .  If  w  =  2  and  n21  =j=  0  ,  Jlf  is 
transformed  into 


y2= 

by  the  substitution 


Let 

i 

((iu=X;  *=1  ,  2,  •••,  n  — 


therefore  be  assumed  to  be  given  in  the  form 


Xi  =  eijiri_1  +  ^1       (EI  =0  or  1  ;  t  =  2  ,  3  ,  •  •  •  ,  n  —  1)  . 

Whenever  an  E  is  zero,  Cn^  is  thereby  broken  into  an  open  product.  If 
k  E'S  are  zero,  Cn_j  has  k  -\-  1  component  substitutions  in  which  no  £  is 
zero.  The  variables  of  Cn_^  may  be  permuted  in  such  a  way  that,  as  we 
look  down  the  principal  diagonal,  each  of  the  k  -f-  1  components  is  on  as 
many  or  more  variables  as  the  component  before  it.  This  arrangement 
removes  any  difficulty  that  may  arise  in  making  the  determinant  of  tfhe 
next  transformation  different  from  zero.  Now  M  has  the  form 

,r1=  Lty, 

x{  =  8^1.!  -\-  Lr'i  (E,  =0  or  1  ;  t  =  2  ,  3  ,  •  •  •  ,  j  —  1)  , 
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M  :      Xi  =  \x't  , 


=  1  5  i=s+  1,  s-\-2,  ---.n 


n-l 


=     2 


In  order  to  transform  the  last  n  —  s  -\-  1  equations  of  M  into 


it  is  only  necessary  to  put 


1=1 

n-l 

yn-i  =  2    Hj£jej-i  '  '  '  £1-1+2*1-1+1  (»  =  2  ,  3  ,  •  •  •  n—  s)  . 

1=1 

If  the  other  variables  of  M  are  unchanged  we  have  a  substitution  of  non- 
zero determinant  by  which  M  is  transformed  into  C  . 
It  may  be  that 

(2)  M^  =  0. 

In  this  case  it  is  easy  to  transform  M  into  an  open  product,  each  of 
whose  components  can,  according  to  our  assumption,  be  transformed  into 
the  desired  form.  Put 

n-i 

3'n  =  *n  -     2     M>l-i*i  , 

i=s 

and  leave  the  other  variables  of  M  unchanged.    Then 

8-1 

ya=  2 


takes  the  place  of  the  nth  equation  of  M  .    In  the  new  substitution  the  vari- 
ables xa  ,  xa+l  ,  •••,  *„_!  are  replaced  by  linear  functions  of  x'i,x'%^, 
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*  '  *  i  x'n-i  only,  so  that  M  has  been  transformed,  as  proposed,  into  an  open 
product. 

It  is  now  evident  that  any  substitution  can  be  transformed  into  a 
canonical  form,  that  is,  into  an  open  product  of  substitutions  such  as 


(3) 


In  §  2  we  defined  the  product  of  two  substitutions  and  saw  that  it  is  a 
substitution  whose  determinant  is  the  product  of  the  determinants  of  the 
two  given  factors.  A  substitution  has  an  inverse  if  its  determinant  is  not 
zero.  Then  positive  and  negative  powers  of  substitutions  of  non-zero 
determinant  may  be  defined  as  was  done  in  §  1  for  the  special  case  of  per- 
mutations. A  substitution  A  is  of  finite  order  g  if  As  is  the  identity, 

x\—x\  (*==!,  2,  •••,  n)  , 

and  if  g  is  the  smallest  positive  whole  number  for  which  this  is  true. 
The  rth  power  of  (3)  is 


hence  : 

II.  A  canonical  substitution  is  of  finite  order  g  only  if  it  is  a  multi- 
plication in  which  the  multipliers  are  gih  roots  of  unity. 

§  23. 

Substitutions  Commutative  with  a  Canonical  Substitution. 

Let  L  be  a  substitution  in  canonical  form  with  equal  multipliers 
grouped  together  along  the  principal  diagonal,  first  r  equal  multipliers  Xa  , 
then  s  —  r  equal  multipliers  Xr+1  ,  and  so  on  : 


L  :          *i  =  EJ*  i_i  -f  XiJTi  (e,  =  0  or  1  ;  i  =  1  ,  2  ,  •  •  •  ,  n  ; 

e^i  =  0  ;  *  =  0,  r,  s,   ••-  ,  n)  . 
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\  . 

Let 

n 

A:  xi=^a-nx\  (*=  1  ,  2,  •••,« 


be  any  substitution  on  n  variables  commutative  with  L  .    The  condition 
that 

LA=AL 
is 

£iai-i,  j  +  ^u  =  «i,  j+i^j+i  +  0i  i^j  (*  ,  /  =  1  ,  2  ,  •  •  •  ,  n}  , 

or  better, 


This  equation  says  that  a^  is  zero  when  Xt  and  Xj  are  unequal,  pro- 
vided the  coefficients  just  above  and  just  to  the  right  of  a^  are  both  zero. 
Then  it  follows  that  every  a^  above  the  principal  diagonal,  for  which 
Xi  =4=  Xj  ,  is  zero. 

Moreover,  every  a^  below  the  principal  diagonal,  for  which  Xt  =f=Xj  , 
is  zero  if 

(2)  ok+1,,  =  0  (/=!,  2,  ••-,  k  ;  k  =  r,  s,  ••-,  n)  , 
and 

(3)  aik  =  0  (»=£-{-  1  ,  ^  +  2,  •••,«;  k  =  r,  s,  •••,  n)  . 
We  have  to  prove  that  (2)  and  (3)  are  true.    Since 

£r+i  -  ES+I  -  —  £n+l  -  "  > 

(4)  ak+i,jOk+i  —  ^j)=0k+i,j+iejn     (/=!,  2,  •••,  k;  k  =  r,s,  •",«), 
(5) 


(t=fc-fl,  ^  +  2,  ••-,  n;  fe  =  r,  j,  •••,  n)  , 

from  which  (2)  and  (3)  follow.    Hence: 
f.7/ 

n 

A:  ^i—  Sflij^j  (»'=!,  2,  •••,  n) 


jj  commutative  -with 

A-i  =  Ei^i.j  +  XI^T'I     (E!  =  0  ;  ES  =  0  or  1  ;  i  =  1  ,  2  ,  •  •  •  ,  n)  , 
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We  have  no  occasion  to  determine  A  completely,  but  add  a  theorem 
of  which  use  will  be  made : 

II.  If  a  canonical  substitution  L  replaces  x^ ,  ;rb+1 ,  •  •  • ,  ^rm+1 
by  hx'i  ,  Ajfb+1 ,  *  •  • ,  X^m+1 ,  and  every  other  variable  xi  by  x\_^  -f-  \x\  ,  any 
substitution  commutative  with  L  transforms  x± ,  xb+1 ,  •  •  •  ,  xm+1 ,  into  linear 
functions  of  x\  ,  x'b+1 ,  •  •  •  ,  x'm+1 , 

When  A  is  commutative  with  a  canonical  substitution  L  of  variety 
one,  ( 1 )  reduces  to 

(6)  #i,j+i8J+l  —  Eiflt-i,  j  • 

By  hypothesis 

£k+1  =  0         (k  =  Q,  b  ,  c,  ••• ,  n)  , 

and  every  other  E  is  unity.    At  least  one  £  is  unity  unless  L  is  a  similarity 
substitution.    If  we  put  k  -\-  1  for  i  in  (6),  it  becomes 

Ok+i,  j+i£j+i  =  0  (k  =  0,  b  ,  c  ,••• ,  m,  n}  . 

Therefore 

Ok+i,jn  — 0         (/=4=0»  b  ,  ••• ,  m;  fc  — 0,  b  ,  •••,  m)  . 


§24. 
Group  of  Substitutions. 

The  g  distinct  linear  homogeneous  substitutions  A  ,  B  ,  C ,  •  •  •  on  n 
variables  constitute  a  group  of  substitutions  if,  and  only  if,  they  can  be  so 
arranged  in  a  one-to-one  correspondence  to  the  permutations  A',  B',  C', 
•  •  •  of  some  group  (§  4)  of  order  g,  that  ST  corresponds  to  S'T' 
(S,T  =  A,B,C,--}. 

That  groups  of  substitutions  exist  which  are  not  merely  groups  of 
permutations  (§2)  is  evident  from  this  example: 
The  four  substitutions 

x  =  x' ,    x  =  ix' ,    x  =  —  x' ,    x  =  —  ix' ,  (i  =  V  —  1 ) 

are  arranged  in  one-to-one  correspondence  to 

1,       (abed)  ,      (ac}(bd}  ,       (adcb)  , 
and  therefore  constitute  a  group. 

We  shall  use  the  term  linear  group  as  a  synonym  for  "group  of  linear 
substitutions"  or  "group  of  substitutions,"  and  where  no  undesirable  am- 
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biguity  is  introduced,  the  word  group  will  be  used  for  both  linear  groups 
and  groups  of  permutations,  that  is,  for  all  linear  groups. 

The  definitions  of  "order  of  a  group,"  "Abelian  group,"  "cyclic 
"group,"  "diedral  group,"  "generators,"  "subgroup,"  "Sylow  subgroup," 
"conjugates,"  "complete  set  of  conjugates,"  "cross-cut,"  "central,"  "per- 
mutable  groups,"  "direct  product  of  two  groups,"  "isomorphism,"  "homo- 
morphism,"  "equivalent  groups,"  "similar  groups,"  "complete  groups," 
may  now  be  extended  to  groups  of  substitutions,  if  in  each  definition  we 
replace  "permutation"  by  "substitution." 

Every  group  is  isomorphic  to  a  regular  group,  and  in  consequence 
the  greater  part  of  the  theorems  proved  in  Chapters  I  and  II  hold  true 
for  linear  groups. 

The  number  of  variables  transformed  by  a  substitution  is  its  degree. 
The  number  of  variables  transformed  by  the  substitutions  of  a.  group 
may  be  called  the  degree  of  the  group. 

A  group  of  degree  n  is  reducible  when  j  (<  n)  linear  functions  of 
the  variables  exist  which  are  transformed  into  linear  functions  of  them- 
selves by  every  substitution  of  the  group.  If  this  condition  is  not  satis- 
fied the  group  is  irreducible. 

Every  group  of  permutations  is  reducible  because  the  sum  of  its  n 
variables  is  invariant  under  it. 

/.  Only  similarity  substitutions  are  commutative  with  every  substitu- 
tion of  an  irreducible  group. 

Let  S  be  a  substitution  commutative  with  every  substitution  of  a  group 
G.  There  exists  a  substitution  T  of  non-zero  determinant  that  trans- 
forms S  into  the  canonical  form  of  §  22.  By  §  23,  I  and  II,  either 
T~*GT  is  reducible  or  T~\ST  is  a  similarity  substitution.  But  if  G  is  irre- 
ducible, T-^GT  is  likewise  irreducible. 


§25. 
The  Sum  of  Substitutions. 

It  is  possible  to  give  a  definition  of  the  sum  of  two  substitutions 


A  :  *i  =  2  <*ij*j  (*=  1  ,  2  ,  •  •  • ,  n)  , 

1=1 
and 

B  :  *i=i  &ij*i  (»'=!,  2,  •••,  n)  . 

1=1 
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The  sum  A  -f-  B  is  the  substitution 

A+B  :  *,=  2  (o,,  +  *!,)*;      («=1,  2,  ••-,  n). 

j=i 

The  addition  of  substitutions  is  commutative: 

A  +  B  =  B  +  A. 
If  C  is  a  third  substitution 

n 

C:  #,  —  2  cij-^i  (»=  1  ,  2,  •  ••  ,  n)  , 

1=1 

the  product 

(A  +  £)€*=*  AC  +  BC  ; 

for  (A  +  B)Cis 

n          n 

*i=  2    2 


+  2     2  &ijCjk*fc         (t=l  ,  2,  •••  ,  n)  . 

]=1      k=l 

Similarly 

C(A  +B}=CA  +  CB  . 

I.  In  the  sum  of  the  substitutions  of  an  irreducible  group  every  co- 
efficient is  zero. 

The  sum  of  all  the  substitutions  of  an  irreducible  group  is  commu- 
tative with  every  substitution  of  the  group  and  is,  by  §  24,  I,  a  similarity 
substitution.  Since  multiplication  of  this  sum  by  a  substitution  of  the 
group  merely  permutes  its  terms,  every  coefficient  of  the  sum  is  zero. 

In  particular,  if  Xi  »  X2  >  '  '  '  >  Xg  are  the  characteristics  of  the  substitu- 
tions of  an  irreducible  group  of  order'g  , 

(i)  2xi  =  o. 

1=1 

II.  The  sum  of  the  substitutions  of  a  complete  set  of  conjugates  in  an 
irreducible  group  is  a  similarity  substitution. 

In  any  group  the  sum  of  all  the  substitutions  of  a  complete  set  of  con- 
jugates is  a  substitution  commutative  with  every  substitution  of  the  group. 
In  an  irreducible  group  the  sum  of  the  gl  substitutions  that  constitute  a 
complete  set  of  conjugates  is  therefore  a  similarity  substitution  whose 
characteristic  is  £1X1  • 
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If 

Cl  =  5'1  +  5a+  •  •  •  +S1., 
is  the  sum  of  one  complete  set  of  conjugates  and 

c,  =  r1  +  ra+  •  •  •  +rgj 

is  another  in  the  same  group  G  of  degree  n  ,  the  product 


Since  the  substitutions  SsTt  are  merely  permuted  among  themselves  on 
transformation  by  substitutions  of  G  ,  all  conjugates  of  any  substitution 
SBTt  occur  in  the  sum  CiCj  .  If  one  member  of  the  complete  set  of  conju- 
gates to  which  SaTt  belongs  occurs  cljk  times  in  the  sum  dCj  ,  each 
member  of  the  set  occurs  as  often.  Hence 

h 

CjCj    =   2    £ijkG{  , 
k=l 

if  Ck  is  the  sum  of  the  substitutions  of  the  &th  conjugate  set  and  if  there 
are  h  complete  sets  of  conjugate  substitutions  in  G  .  Then,  if  we  equate 
multipliers  from  the  two  sides  of  this  identity, 


§  26. 

The  Hermitian  Form. 

The  s  linear  functions  of  the  variables  that  a  reducible  group  trans- 
forms into  linear  functions  of  themselves  may,  if  they  are  linearly  inde- 
pendent, be  taken  for  new  variables,  y\  ,  yz  ,  •  •  •  ,  ya  ,  say.  Then  the  first  s 
equations  of  every  substitution  of  the  given  group  are  on  these  s  variables 
only. 

What  is  meant  by  linear  independence  of  s  functions  fl  ,  f2,  •  •  •  ,  fs 
is  this  :  if  s  numbers  ox  ,  az  ,  •  •  •  ,  as  do  not  exist  that  satisfy  the  condition 

«i/i  +  a2f2  +  '  '  '  +  «  s/s  =  0  , 

A  »  fz  >  '  "  »  /s  are  said  to  be  linearly  independent.  If  f^  ,  f2  ,  •  •  •  ,  fs  are 
linear  functions  of  n  (  >  s}  variables  x±  ,  x2  ,  •  •  •  ,  xn  ,  all  the  determinants 
of  order  s  of  the  matrix  of  the  coefficients  of  f1  ,  fz  ,  •  •  •  ,  fs  vanish  in  case 
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01/1  +  02/2+    '    *    '    +08/8=0. 

But  if  /!  ,  /2  ,  •  •  •  ,  /B  are  linearly  independent,  not  all  the  determinants 
of  the  matrix  vanish,  so  that  a  substitution  of  non-zero  determinant  can 
be  set  up  that  will  transform  every  substitution  of  the  group  into  the  in- 
dicated form.  If  the  s  given  functions  are  not  linearly  independent, 
s'  (1  ^  s'  <  s}  of  them  are  linearly  independent  and  we  may  as  well  as- 
sume that  the  j  functions  are  linearly  independent  in  the  first  place. 

The  reducible  group  may  be  further  transformed  so  that  every  sub- 
stitution in  it  appears  as  an  open  product  of  two  components,  one  on  the 
variables  y^  ,  y2  ,  •  •  •  ,  yB  ,  and  the  other  on  ys+1  ,  ya+2  ,  •  •  •  ,  ya  .  To  bring 
this  about  we  shall  introduce  the  Hermitian  invariant. 

A  bilinear  form 

n          n 

2    2  cii*ixi          (cji  =  Fij) 
1=1  j=i 

is  an  Hermitian  form.  By  "is  meant  the  conjugate  imaginary  of  the  com- 
plex number  z.  If  the  Hermitian  form  is  zero  only  for 


we  shall  call  it  a  non-zero  form. 

A  non-zero  form  can  be  transformed  into 


by  the  following  process  : 
Let  the  given  form  "be 

n-l  n-1  n-1     n-1 

h  =  Cnn^n-1'n  +  #n    2    Cnj^J  +  #„    2    Cln^l  +    2       2 
1=1  i=i  1=1      j=i 


Since  /n  =  c^  when 

•*"n          1  ==  -^n-i  -   '        '    -  &2  '  —  '  %\  -  "  > 

cnn  is  not  zero.    Hence  /„  may  be  written 


where 


n  =    2    Cin^l    2 
1=1  J=l 


n-1     n-1 
n_i=    2       2    (Cij Cln 

1=1    1=1 
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n-l    n-l 

=   22    di  iXiXj  . 
1=1     J=i 

Now  /„_!  is  a  non-zero  Hermitian  form  in  n  —  1  variables,  for  d^  =dij  , 
and  any  simultaneous  values  of  x^  ,  xz  ,  •  •  •  ,  x^  ,  not  all  zero,  which  make 
/„_!  zero,  will,  with  xn  determined  by 


•  1=1 

make  /„  also  zero,  contrary  to  hypothesis.    If,  therefore,  we  put 

n  _ 

ya   =    2    Cm^l/V^nn  , 
1  =  1 

then 

/n  =  y*yn  +  /„-!  , 

and  /„_!  may  be  treated  in  the  same  way  ;  and  so  on.    Hence  : 

I.  A  non-zero  Hermitian  form  in  n  variables  can  be  transformed,  by 
means  of  a  normal  substitution  of  non-zero  determinant,  into 


§  27. 

The  Composition  of  Two  Homomorphic  Groups. 

Let  G  and  G'  be  two  groups  on  distinct  sets  of  variables  xl  ,  x2  ,  •  •  •  , 
jrn  and  3^  ,  y2  ,  •  •  •  ,  ym  ,  between  which  there  exists  a  given  homomorphism. 

Let 

n 

A  :  xi  =  2  Ou*j  (i=l  ,  2,  •••  ,  n) 

1=1 

and 

m 

A'  :  yb  =  2  a*kyi          (h  =  \  ,  2  ,  •  •  -  ,  m) 


be  two  corresponding  substitutions.     If  the  n  equations  of  A  are  multi- 
plied by  the  m  equations  of  A',  we  get 

(*=  1  ,  2,  •  •  •  ,  n;  h  =  1  ,  2  ,  •  •  •  ,  m)  . 


This  is  a  linear  substitution  on  the  nm  products  x^yb  ,  the  result  of  com- 
pounding A  and  A'  .  Let  a  substitution  B"  be  formed  in  the  same  way 
from  the  two  corresponding  substitutions  B  and  B'  : 

n         m 

B"  :    *&*  =  22 

B=l       t=l 
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The  product  A"B"  is 


n         m         n          m 

2222 

J  =  l     k  =  l      8=1     t=l 
n          n  mm 


=  22  OtjfrjB*i     2     2  Ohk&ktyi  , 

1=1      s=l  k=l     t=l 

so  that  the  substitutions  A"  ,  E"  ,-•-,/  in  number,  say,  are  each  the 
identity  or  constitute  a  group  of  order  -g  f  ,  homomorphic  to  G  and  to  G'  , 
on  the  nm  variables  x^yb  ,  arising  from  the  composition  of  the  two  groups 
G  and  G'  .  If  G  (of  order  g)  is  isomorphic  to  G'  ,  or  (h  ,  1)  isomorphic 
to  G'  ,  f  =  g  .  Let  us  introduce  a  symbol  for  this  composition  : 


This  need  not  be  confused  with  GG'  (§8)  or  with  {G  ,  G'}  (§4).  It 
should  be  borne  in  mind  that  G  x  G'  is  not  in  general  unique,  but  depends 
on  the  correspondence  between  G  and  G'  . 

It  may  be  that  G  X  G'  ,  on  the  nm  variables  XjFh  has  an  invariant 

n         m 

2    2  cijXiY}  . 

1=1    1=1 
If  so,  it  can  be  put  in  the  form 

(l)  *!?!  +  *2y2  4-  •  '  •  +  *«y*, 

where  xl  ,  xz  ,  •  •  •  ,  xe  and  y\  ,  y2  ,  •  •  •  ,  yB  are  linearly  independent  functions 
of  the  first  degree  of  the  variables  Xx  ,  X2  ,  •  •  •  ,  Xn  ,  and  Fx  ,  F2  ,  •  •  •  ,  Fm  , 
respectively.  Then  we  may  introduce  the  new  variables  x^  ,  x2,  •  •  •  ,  xn 
and  yi  ,  y2  ,•  •  •  ,  ym'm  G  and  G'  .  Let  A  and  A'  ,  as  in  the  preceding  para- 
graph, be  corresponding  substitutions  of  G  and  G'  ,  and  A"  the  substitu- 
tion resulting  from  their  composition.  Now  A"  transforms  (1)  into 


s          n          m 


222  ffijoifc^j^k  =  2 

1=1      1=1    k=l  h=i 

whence,  for  j=l  ,2  ,  •  •  •  ,  n  ,  and  k=l  ,  2  ,  •  •  •  ,  m  , 

(2}  2  ai]o;k=l  (j  =  k^s)  , 

1=1 

8 

(3)  2  OijOik  =  0 


1=1 


For  a  given  subscript  k  (  >  s)  we  have  the  n  equations 

s 

2  aija'm  —  0  (/=!,  2,  •••,*). 

1=1 
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Not  all  the  determinants  of  order  s  of  the  matrix 


a       o 


aS      •  •  •     as 


vanish,  because  the  determinant  of  A  is  not  zero.     Hence 

Qik  ==  0  (*==  1 »  2 ,  •  •  • ,  s ;  k  =  j  -f~  1  >  «$"  ~h  2 ,  ' ' ' ,  w). 


Similarly, 


2,  ••-,  n)  . 


This  means  that  in  every  substitution  of  G  and  G'  ,  the  first  s  variables  are 

transformed  into  linear  functions  of  themselves. 

For  s  <  n  the  following  theorem  has  been  proved  true  : 

7.  //  a  group  G  on  the  variables  x  l  ,  xz  ,  •  •  •  ,  xn  is  compounded  with 

a  group  G'  on  the  variables  yv  ,  yz  ,  •  •  •  ,  ym  ,  and  if 


(4) 


/ik>'k 


1=1      j=l  k=l 

is  invariant  under  G  X  G' ,  G  is  reducible. 


<n) 


If  G  is  irreducible,  s=n;  in  addition,  let  m  =  n  ,  as  it  is  if  G'  is  also 
irreducible.    Now  G  X  G'  has,  we  say,  one  invariant 

(5)  ^3-1  +  *2y2  +  •  •  •  +  ^3'n, 
and  may  possibly  have  another : 

n          n 

(6)  2    2  d-^x\yi . 

i=l     j=l 

If  it  has, 

n          n  n 

(7)  2       2    dij-l'ijj    A    2 


where  X  is  an  arbitrary  constant,  is  also  an  invariant  of  G  X  G' .    But  if 
X  is  a  root  of  the  equation 


(8) 


=  0, 
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the  n  functions 

n 

2  dij^j  —  tarj  (/=  1  ,  2  ,  •  •  •  ,  n) 

1=1 

are  not  linearly  independent,  so  that  (7)  can  be  put  in  the  form  (4),  and 
therefore  G  should  be  reducible.     Hence  : 

//.  //  G  and  G'  (as  given  in  I)  are  both  irreducible  groups,  G  X  G' 
has  not  two  linearly  independent  imuriants  of  the  first  degree. 

§  28. 
The  Hermitian  Invariant. 

Let  the  variables  and  coefficients  of  every  substitution  of  G  (of  order 
g)  be  replaced  by  their  conjugate  imaginaries  ;  the  resulting  substitutions 
constitute  a  group  G  on  the  n  variables  x±  ,  x  2  ,  •  •  •  ,  .rn  ,  isomorphic  to  G  . 
When  this  change  is  made  in  a  substitution  A  ,  the  new  substitution  (A] 
is  called  the  conjugate  imaginary  substitution  to  A  .  Then  G  x  G  ,  formed 
by  compounding  each  substitution  of  G  with  its  conjugate  imaginary  sub- 
stitution, is  on  the  n2  variables  . 


Now  transform  ^i.\-i  by  all  the  substitutions  of  G  X  G  and  add.  This 
summation  is  indicated  by  2  .  We  have,  restoring  the  unaccented 
variables, 

n         n 

(1)  /     =    2       2       2 

a        J=l    k=l 

n  n 

(2)  =  22  flij-rj  2 

a        j=l  k=l 

n          n 

(3)  =22  *j*k  2 

J=l     k=l  a 

This  function  is  invariant  under  G  X  G  and  does  not  vanish  identically, 
for  (2)  shows  it  to  be  a  sum  of  real  positive  numbers.  In  fact,  it  is  not 
zero  unless  each  of  the  s  (g  n)  variables  .\\  ,  xz  ,  •  •  •  actually  present  in 
it  is  zero.  Hence, 

/.  //  the  substitutions  of  a  group  are  compounded  u4th  their  conju- 
gate imaginaries,  the  resulting  substitutions  transform  at  least  one  non- 
zero Hermitian  form  into  itself. 


The  Hermitian  form 


2 

1=1 
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certainly  contains  the  variable  x\  ,  and  therefore 
J  =  2    %    2 


contains  the  n  variables  x^  ,  xz  ,  •  •  •  ,  x^  ,  and  is  a  non-zero  Hermitian  form 
invariant  under  G  X  G  ,  or,  as  we  may  say  for  the  sake  of  brevity,  an 
Hermitian  invariant  of  G.  Let  G  be  transformed  by  the  substitution  which 
transforms  /  into 

(4)  l  =  xjci  +  *2J2  -j-  •  •  •  +  *njn. 

If 

n 

A  :  *i  =  2  a^x\  (i=  1  ,  2  ,  •  •  •  ,  n) 


is  a  substitution  of  the  transformed  group,  equations  (2)  and  (3)  of  §  27 
become,  for  j  =  n  , 

(5)  iauaik=i  (/  =  *), 
1=1 

(6)  2  0,^  =  0 


A  substitution  whose  coefficients  satisfy  equations  (5)  and  (6)  is  said  to 
be  in  unitary  form.    From  these  equations 

f7\  ~  ^lk 

(7)  ^     ^.  ^"MJ' 

where  ^lk  is  the  minor  of  aik  in  the  determinant  \A\  of  the  substitution  A  . 
Hence  the  inverse  of  A  is 

A-1  :  x*  =  S  alk*i  (*  =  1  .  2  ,  •  •  •  ,  n)  . 


To  sum  up  : 

//.  Any  group  of  degree  n  may  be  transformed  into  a  group  for  which 

X\X\    +    xzxz    +    '    '    '    +    -^n-^n 

is  an  Hermitian  invariant,   and  in  which   therefore   every  substitution 
assumes  the  unitary  form. 

Going  back  to  §  27,  let  it  be  assumed  that  G  ,  of  degree  n  ,  and  G'  are 
irreducible  groups,  that  G  is  in  unitary  form  and  that  the  variables  of  G' 
are  so  chosen  that 

+     ^2^2     +     '     '     '     +     ^Wn 
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is  invariant  under  G  x  Gf  .    Then  G'  is  also  of  degree  n  .    The  solutions 
of  the  n  equations  (for  a  given  k) 


2 
1=1 

are 

aik  =  aik          (t=l  ,  2,  •  •  •  ,  n)  . 
Hence, 

///.  //  cwrf  on/y  if  the  irreducible  groups  G  and  G'  can  be  so  trans- 
formed that  corresponding  substitutions  become  conjugate  imaginaries, 
G  X  G'  has  an  invariant  of  the  first  degree. 

§  29. 
The  Complete  Reduction  of  a  Reducible  Group. 

We  return  to  the  reducible  group  of  §  26,  which  transforms  the  $ 
variables  x^  ,  xz  ,  •  •  •  ,  x6  into  linear  functions  of  themselves.  This  prop- 
erty is  retained  if  the  group  is  subjected  to  transformation  by  a  substitu- 
tion in  normal  form.  Then  let  it  be  so  transformed  that 

X-^X-^    —  (—    X^XZ    "f"    '        '    -f~    X0XO 

becomes  an  Hermitian  invariant  for  it.  All  its  substitutions  are  unitary, 
and  the  determinant  of  each  has  the  form 

S  O 

R  T 

where  the  elements  of  5"  and  T  are  squares  of  s2  and  (n  —  s)z  elements, 
respectively,  R  is  a  rectangle  of  s  columns  and  n  —  s  rows,  while  all  the 
other  elements  are  zero. 

The  minor  (a  determinant  of  the  n  —  1st  order)  of  any  element  in 
R  is  zero,  so  that  by  equation  (7)  of  §  28, 

alk  =  0  (i  =  s+\  ,  s+2,  •••  ,  n;  k=l  ,2,---  ,  s)  . 

Hence  every  element  of  R  is  zero  and  every  substitution  of  the  re- 
ducible group  is  the  open  product  of  two  components  on  j  and  n  —  s 
variables,  respectively.  The  group  breaks  into  two  constituents  (one  of 
which  may  be  the  identity)  with  no  variable  in  common.  One  constituent 
at  least  is  a  group,  and  may  itself  be  reducible;  if  so,  it  in  turn  may  be 
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broken  into  two  constituents  just  as  was  done  to  the  original  group;  and 
so  on.  Finally  our  reducible  group  will  appear  with  a  number  of  con- 
stituents, no  two  of  which  have  a  variable  in  common,  and  each  either  an 
irreducible  group  or  the  identity.  In  this  event  the  group  is  said  to  be 
completely  reduced. 

The  sum  of  the  characteristics  of  each  constituent  irreducible  group 
is  zero  (§  25,  I.),  while  a  constituent  on  one  variable  that  is  merely  the 
identity  has  the  characteristic  unity.  Therefore,  if  exactly  k  constituents, 
when  a  group  of  order  g  is  completely  reduced,  are  not  groups,  but  the 
identity  repeated  g  times, 


In  the  case  of  a  transitive  permutation  group,  k  =  l  (§  19). 

Then  if  /{  and  xi  are  the  characteristics  of  the  corresponding  substi 
tutions  of  two  homomorphic  irreducible  groups  G  and  G'  (§  28,  III), 


(2) 


(where  /  is   the  number  of  substitutions,   not   necessarily   distinct,   in 
G  X  G'  ),  unless 

5Ct  —  Xi  ' 

in'  which  case  f  =  g,  the  order  of  G  ,  and 


(3) 


2  Mi  =g. 
1=1 


As  an  example,  the  symmetric  group  of  degree  3  may  be  completely 
reduced.  Since  any  group  on  one  variable  is  Abelian,  this  symmetric 
group  will  break  into  an  irreducible  constituent  on  two  variables  and  the 
identity  on  one  variable.  Transform  {(x^x^)  >  (-^i-^s)}  by  the  substitu- 
tion 


where  a  is  a  primitive  cube  root  of  unity.    The  transforms  of 
(^x^s)  are,  respectively, 


z^  and 


=  0- 


ya  = 
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and 


The  six  substitutions  of  this  reduced  group  are  monomial,  a  term  that  ex- 
plains itself.  The  second  and  third  constituents  of  the  subgroup  of 
order  3  are  equivalent,  but  dissimilar. 


§   30. 

Reduction  of  the  Regular  Group. 

It  is  now  possible  to  extend  Theorem  III  of  §  28  if  for  G  a  reducible 
group  is  in  question.  It  can  be  assumed  that  G  is  completely  reduced. 
Then  G  X  G'  has  just  as  many  linearly  independent  invariants  of  the  first 
degree  as  G  has  irreducible  constituents  whose  substitutions,  after  appro- 
priate transformation,  are  conjugate  imaginaries  of  the  corresponding 
substitutions  of  the  irreducible  unitary  group  G'  .  Let  there  be  /  of  these 
groups  each  equal  to  G'  .  We  shall  speak  of  them  as  a  cluster  of  /  similar 
irreducible  groups  in  the  completely  reduced  group  G  .  If  now  Xi  >  Xz  > 
'  '  '  »  Xs  are  tne  characteristics  of  the  substitutions  of  G  and  if  the  charac- 
teristics of  G'  which  correspond  to  those  of  G  in  setting  up  G  X  G' 
are  Xi  >  Xz  >  '  "  >  X«  » 

(i)  ix.xi  =  te. 

1=1 

A  remarkable  property  of  the  regular  group  (§12)  follows  immedi- 
ately. All  the  characteristics  of  a  regular  group  are  zero  except  that  of  the 
identity,  which  is  g  ,  the  order  of  the  group.  Then  if  G'  is  any  irreducible 
group  of  degree  Wj  (in  unitary  form  if  we  like),  isomorphic  to  the  regular 
group  G  or  to  a  quotient  group  of  G  ;  in  other  words,  if  G'  is  an  irre- 
ducible representation  of  G  on  nj  variables,  we  have 


2 
1=1 


The  identity  on  one  variable  is  called  the  identical  representation.  Hence, 
/.  The  complete  reduction  of  a  regular  group  can  be  so  effected  that 
any  irreducible  constituent  of  degree  w3  is  repeated  «j  times  in  such  a  way 
that  each  of  its  substitutions  has  just  «j  components  of  degree  «j  identi- 
cally the  same.  Furthermore,  every  irreducible  representation  of  the 
group  is  found  among  the  constituents. 

An  irreducible  constituent,  not  one  of  this  cluster  of  n3  similar  con- 
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i       » 

stituents,  is  dissimilar  to  any  one  of  them,  the  implied  correspondence 
being  the  actual  isomorphism  between  irreducible  constituents  of  the  re- 
duced regular  group.  In  addition  to  the  identical  representation  let  there 
be  exactly  k  —  1  dissimilar  irreducible  representations  of  G  .  Then 

2  n\  =  g. 

j=i 

Let  Xi  >  Xz  >  '  '  '  be  the  characteristics  of  the  substitutions  of  an  irre- 
ducible constituent  of  the  ;'th  cluster  in  the  order  in  which  the  substitutions 
of  the  constituent  correspond  to  substitutions  of  G  .  Let  Xi  (as  usual)  be 
the  characteristic  of  the  identity,  so  that  xl  =  n\  >  Xi  ==:  Mi  =  1  • 

If  we  mean  thereby  that  no  linear  equation  with  constant  coefficients: 


holds  for  every  value  oft,  we  can  say  : 

II.  The  k  sets  of  group  characteristics  xi  >  %i  >  "'  >  Xki  (»=  1  »  2  , 
'  '  '  >  £)  of  a  given  group  of  order  g  are  linearly  independent. 
For  if 

2  ^,xi  =  0  (i=l,  2,  •••*), 

j=i 

£  xi  2  ^jxi  =  o, 

1=1        J=l 

2  A,  ±  r.x!  =  o, 
J=l       1=1 

and  by  §  29,  (2)  and  (3),  this  is 

Avg  =  0  (w=\,  2,  ••-,  *). 

///.  Two  isomorphic  irreducible  groups  are  similar  if  and  only  if 
the  characteristics  of  corresponding  substitutions  are  equal. 

For  by  Theorem  II,  two  irreducible  groups  that  are  isomorphic  and 
dissimilar,  being  representations  of  the  same  group,  cannot  have  the  same 
characteristics  unless  they  occur  in  different  sequence  for  the  two  groups. 

IV.  In  the  completely  reduced  form  of  a  regular  group  there  are  just 
as  many  dissimilar  irreducible  constituents  as  the  regular  group  has  com- 
plete sets  of  conjugate  permutations. 

Transformation  by  a  substitution  T  completely  reduces  the  regular 
group  G  ,  let  us  say.  Multiply  each  of  the  ^  substitutions  of  the  tth  con- 
jugate set  of  T~*GT  by  a  similarity  substitution  whose  multiplier  is  an 
arbitrary  constant  vl  (i=  1  ,  2  ,  •  •  •  ,  A)  ,  and  call  the  sum  of  all  the  g 
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in, 
J=l 

substitutions  so  affected,  5"  .  The  substitution  6"  is  the  open  product  of 
components,  each  on  the  variables  of  an  irreducible  constituent  of  T~*GT  , 
and  each  of  the  components  of  S  is  therefore  (§  24,  I)  a  similarity  sub- 
stitution with  the  multiplier 

«,  =  2:  V|£,xl/Xi  (/=!,  2,  ••-,  *). 

These  &  multipliers  are  linearly  independent.    For  if 


=o  (•  =  !,  2,  ••-,  A), 

J=l 
contradicting  Theorem  II. 

Since  at  most  h  linear  homogeneous  functions  of  h  variables  are 
linearly  independent,  k  ^  h  . 

In  the  sum  of  all  the  coefficients  of  the  regular  group  every  coefficient 
is  unity.  Therefore  TST~r  has  just  h  arbitrary  coefficients  v:  ,  v2  ,  •  •  •  ,  v*  , 
and  these  coefficients  are  linear  functions  of  04  ,  a2  ,  •  •  •  ,  a*  .  Then  h  g  k  , 
so  that  finally 

k  =  h. 

Another  way  of  stating  Theorem  II  is  this: 

V.  The  determinant 

|xi|  (»,/=!,  2,  •••,  A) 

does  not  vanish. 

The  following  relations  between  the  characteristics  follow  from  our 
discussion  of  the  regular  group: 

(2)  2(xi)2  =  ^, 
and 

(3)  2X1X1  =  0, 

when  i  =f=  1  . 

It  is  interesting  to  notice  what  happens  to  the  regular  Abelian  group 
when  it  is  completely  reduced.  By  Theorem  IV,  each  irreducible  con- 
stituent is  on  one  variable,  that  is  : 

VI.  An  Abelian  group  can  be  so  transformed  that  every  substitution 
assumes  the  canonical  form. 
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§    31. 

Other  Relations  Between  the  Characteristics. 
We  recall  from  §  25  the  identity 

h 

(  1  )  £iXT£jXr  =  Xr  2  £1  jk£kXiT  , 

k=i 

and  the  meaning  of  the  coefficients  Ci^  .  For  example,  c^^  is  the  number 
of  times  the  conjugate  set  consisting  of  the  identity  alone  recurs  when 
all  the  substitutions  of  the  »th  conjugate  set  are  multiplied  into  those  of  the 
/"'set.  Thus 

fiji  =  0 

unless  the  substitutions  of  the  /th  set  are  the  inverses  of  the  substitutions 
of  the  t"1  set.  In  the  latter  case 


and 


Now  sum  (1)  for  the  h  linearly  independent  sets  of  characteristics 
that  occur  in  the  complete  reduction  of  the  regular  group  : 

2  xrxr  =  22  'ijkftxrx? 

w=i  w=i    k=i 

=  2  c,jk£k  2  xrjff 

k  =  l  w=i 


If  we  use  §  30,  (2)  and  (3).    Therefore, 

(2)  £i 

w 

but 

(3) 


With  the  aid  of  these  equations  certain  relations  between  the  char- 
acteristics of  a  group  and  those  of  any  one  of  its  subgroups  can  be 
developed. 

Let  G  be  a  group  of  order  g  and  let  Gf  of  order  g'  be  one  of  its  sub- 
groups. Let  x?  (M  =  1  ,  2  ,  •  •  •  ,  A)  and  i|»]  (v  =  1  ,  2,  •••  ,  A')  be  the 
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sets  of  characteristics  of  G  and  G'  ',  respectively.  They  are  the  character- 
istics of  the  dissimilar  irreducible  constituents  of  the  regular  group  iso- 
morphic  to  G  ,  or  to  G'  .  Let  Fu  be  that  irreducible  representation  of  G 
whose  characteristics  are  Xi  an<l  let  FU  be  its  subgroup  that  corresponds 
to  G'  .  Let  each  irreducible  representation  of  G'  occur  (without  permu- 
tation of  characteristics)  &uv  times  when  F^is  completely  reduced.  Some 
of  the  coefficients  £uv  may  be  zero.  Then  for  any  substitution  of  G'  , 

(4)  2  M>I  =  Xi  , 

V=l 

or,  what  is  more  convenient  for  our  present  purpose, 

Xi1  =  2  fcuvW  • 

v  =  l 

Multiply  by  ipf  and  sum  for  all  the  substitutions  of  G'  : 

W  =  2  ^  2  *«ripl 


1=1 


=  2  ^  2 

T=l  1=1 


(5) 


The  reduction  is  by  §  30,  (  1  )  .     Now  multiply  by  Xj  and  sum  for  all  the 
h  sets  of  characteristics  of  G  : 

2  xte'fcuw  =  2  xui  2  %W 

u=l  u=l          1=1 


=  t  ipt  2 

1=1  u=l 


Hence,  by  (2)  and  (3), 


(6)  2*«rXl  =  ~-2W  (w=l,  2,  ••-,  A'), 


where  the  second  summation  extends  to  the  characteristics  of  those  substi- 
tutions of  G'  conjugate  under  G  to  a.  substitution  Sj  of  G  whose  character- 
istic is  x"  •  If  S)  has  no  conjugate  in  G'  ,  the  right-hand  member  of  (6)  is 
zero. 
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CHAPTER  IV. 
APPLICATIONS  OF  GROUP  CHARACTERISTICS. 

§32. 
Permutation  Groups  of  Degree  n  and  Class  n  —  1. 

The  class  of  a  group  of  permutations  is  the  number  of  letters  dis- 
placed by  those  of  its  permutations  which  displace  the  fewest  letters. 

/.  A  transitive  group  of  degree  n  and  class  n  —  1  has  an  invariant 
subgroup. 

Let  g  be  the  order  of  the  transitive  group  G  of  degree  n  and  class 
n —  1  in  question.  Of  the  n  conjugate  subgroups  that  fix  one  letter  of  G  , 
no  two  have  a  subgroup  in  common.  There  are  g  —  n  permutations  of 
degree  n  —  1  and  n  —  1  permutations  of  degree  n  .  Any  permutation 
of  degree  «  permutes  all  the  n  subgroups  of  degree  n  —  1  and  order  g/n 
and  any  permutation  of  degree  n  —  1  permutes  all  those  subgroups  except 
that  one  in  which  it  is  contained.  In  consequence,  if  the  subgroup  G'  of 
§  31  is  one  of  these  subgroups  of  order  g/n ,  (6)  of  §  31  becomes 

h 

(1)  2  £uwX?  =  wW  ,  or  \p7;, 

u  =  l 

for  the  identity,  or  for  a  permutation  of  degree  n —  1  ,  respectively.    Put- 
ting  (§31,  (4)) 

ft    =    %    fcuvW   > 

y 

in  ( 1 ) ,  we  have 

2     2  fc«XrW  =  t|>f  (*=f*l), 

U  =  l          V 

^Jj       Jjj       ^UV"UW  Yl       ~     ""  Tl      » 

U         T 

or 

(2)  22  fcuvfeuwipl  =  t|>r  H W  2  WW , 

U         V  g  V 

for  all  the  permutations  of  a  subgroup  of  degree  n —  1  .    Comparing  the 
coefficients    (§  30,  II)   of  \pl  , 

n2  —  n 

2  (*uv)2  =  -         -   (H>I)2  +  1  , 
g 

n2  —  n 
2  &uv&uw  = W7  (w=4=v)  . 
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Therefore 

2  (fcuv  —  n>T*ul)2  =  (^)2  +  1  . 

u 

Now  (§31,  (4)) 

(3)  ku  =  1,     *lv  =  0  (v>l). 
Hence 

(A1T  —  iK*u)'  =  (^)8  (">!), 

and  therefore 

(4)  2  (fcuv  -  t|>tfnl)«  =  1  (»>1). 

U  =  2 

Hence,  for  a  given  v  =  b  (  >  1  )  ,  there  is  a  certain  M  =  a  (  >  1  )  such  that 

(5)  fcab  —  1*^  =  8  (e2=l), 

(6)  £ub  —  ip^ui  =  0  (M  =  2,3,---,a—  1,  o+l,  ••-,  A)  . 
For  any  permutation  of  G  of  degree  n  (§31,  (6)), 

2fcuvX?  =  0  (v=\,  2,  ••-,  h'}  , 

u  =  l 

Therefore  for  these  n  —  1  permutations 

(7)  2  (^ub  —  i|)J*ui)  X?'=  2  ^ubX?  —  ^b  2  ^uiX? 

U  =  1  11-1  U=  1 

_    rv 

This  identity,  by  (3),  (5)  and  (6),  reduces  to 


Now  reference  to  (1)  shows  that  (7)  holds  when  t'=  1  ,  so  that  in  par- 
ticular, 

—  ^  +  ex'  =0. 

Therefore 


for  each  permutation  of  degree  n  .  Since  Xi  l&  the  degree  of  an  irre- 
ducible representation  of  G  (not  the  identical  representation),  the  charac- 
teristic of  every  substitution  in  that  constituent  which  corresponds  to  a 
permutation  of  degree  n  is  the  sum  of  Xi  units,  that  is,  each  such  substitu- 
tion is  the  identity.  Then  this  irreducible  representation  is  isomorphic  to 
a  quotient  group  of  G  ,  and  G  has  an  invariant  subgroup  in  which  are  in- 
cluded all  its  permutations  of  degree  n  . 
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A  subgroup  is  called  a  characteristic  subgroup  if  it  is  invariant  in  the 
holomorph  of  the  group  in  which  it  occurs. 

//.  In  a  group  of  degree  n  and  class  n  —  1  the  permutations  of  degree 
n  constitute,  with  the  identity,  a  characteristic  subgroup. 

The  n  —  1  permutations  of  degree  n  in  a  transitive  group  of  degree 
n  and  class  n  —  1  generate  an  invariant  subgroup  (H)  of  G  .  Now  H 
is  transitive  if  G  is  transitive,  for  in  an  intransitive  group  of  degree  n  and 
class  n  —  1  the  number  of  permutations  of  degree  n  is  less  than  n  —  1 
(§  11,  IV).  In  fact,  such  an  intransitive  group  has  just  one  transitive 
constituent  of  degree  n'  (  <  n)  and  of  class  n'  —  1  ,  to  which  one  or  more 
regular  groups  in  other  letters  are  isomorphic.  Thus  proof  of  our  the- 
orem is  required  only  when  G  is  transitive.  If  the  transitive  subgroup  H 
is  of  class  n  —  1  ,  it  has,  by  I,  an  invariant  subgroup  H',  generated  by  the 
permutations  of  degree  n  of  G  .  This  is  absurd,  as  H  was  generated  by 
those  substitutions.  Since  G  has  but  one  subgroup  of  degree  and  order  n  , 
that  subgroup  is  a  characteristic  subgroup. 

An  Abelian  group  whose  order  is  a  power  of  a  prime  number  p  , 
and  in  which  no  substitution  is  of  order  p2  ,  is  called  an  elementary  group. 

III.  If  a  transitive  group  of  degree  n  and  class  n  —  1  is  primitive, 
n  is  a  power  of  a  prime  member,  and  the  characteristic  subgroup  of  order 
n  is  an  elementary  group. 

As  before,  let  G  be  the  given  primitive  group  of  degree  n  and  order 
g  ,  and  let  H  be  its  characteristic  subgroup  of  order  n  .  Let  G'  be  a 
subgroup  (of  order  g/n)  that  leaves  fixed  one  letter  of  G  .  A  Sylow 
subgroup  of  H  is  also  a  Sylow  subgroup  of  G  .  Let  P  be  a  Sylow  sub- 
group of  order  pm  .  Then  the  largest  subgroup  (/)  of  G  in  which  P  is 
invariant  is  of  order  gn'/n  ,  if  n'  is  the  order  of  the  largest  subgroup  of 
H  in  which  P  is  invariant.  Hence  I  contains  a  maximal  subgroup  G'  of 
G  and  therefore  coincides  with  G  ;  and  P  coincides  with  H  .  The  invari- 
ant permutations  (§  9,  II)  of  order  p  of  H  constitute  (with  the  identity) 
a  characteristic  subgroup  (K]  of  P  .  Hence  K  is  an  invariant  subgroup 
of  G  ,  {K  ,  G'}  is  G  ,  and 


§33. 
The  Reduction  of  Transitive  Groups. 

If  g(  is  the  number  of  substitutions  of  G'  that  are  conjugate  to  Sl 
under  G  ,  (6)  of  §  31  becomes,  for  w=  1  , 

(i) 
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Now  let  G  be  a  transitive  permutation  group  of  degree  n ,  and  let  G'  be 
a  subgroup  that  leaves  one  letter  fixed.  Let  Xi  be  the  characteristic  of 
S{  for  G  .  It  is  the  number  of  letters  of  G  that  Si  does  not  displace. 
Then 

ngi/THi  =  gi , 
so  that 

(2)  2*uiXui=Xi  (»=1,  2,  •••,  g). 

U  =  l 

Stated  in  words,  this  is: 

/.  The  number  of  times  that  a  given  irreducible  representation  Fu 
occurs  (with  characteristics  in  the  same  sequence)  when  a  transitive  per- 
mutation group  G  is  completely  reduced,  is  equal  to  the  number  of  linearly 
independent  invariants  of  the  first  degree  in  Fu  ,  the  subgroup  of  Fu  that 
corresponds  to  the  subgroup  of  G  that  fixes  one  letter. 

If  G'  permutes  the  n  letters  of  G  in  m  transitive  constituents  (count- 
ing constituents  of  one  letter),  we  can  show  that 

(3)  ^k^  =  m. 

u=l 

From  (5)  of  §  31, 


Multiply  by  fcui  and  sum, 


f  i  «!  =  i  i  *-ixi 

U=l  1=1      U=l 

=  2  Xi> 

1=1 


For  a  doubly  transitive  group  m  =  2  ,  so  that  such  a  group  has,  when 
reduced,  an  irreducible  constituent  of  degree  n  —  1  whose  characteristics 
are  integers,  Xi  —  1  •  For  a  simply  transitive  non-regular  group,  m  ==  3 
(§  17).  If  fcul  =  0  («§;  3)  ,  then  kzl  >  1  ,  and  since  Xi  =  0  if  S  is  of 
degree  n  in  G  ,  §  31,  (6)  reduces  to 

1  +  fc2iX.(2)  =  0  . 

But  this  is  impossible  because  xi2)  is  an  algebraic  integer.    Therefore  (cf. 
§30): 

II.  When  a  simply  transitive  group  of  order  >  2  is  completely  re- 
duced, at  least  three  dissimilat  irreducible  representations  occur. 
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§    34. 

Groups  of  Degree  n  Containing  a  Circular  Permutation  of  n  Letters. 

I.  If  a  simply  transitive  non-cyclic  group  of  degree  pm  contains  a  cir- 
cular permutation  of  pm  letters,  it  has  an  invariant  subgroup. 
The  characteristic  equation  of  the  permutation 


s 

p  _  1  =  0  , 

so  that  5  is  of  variety  n  ,  when  the  group  G  in.  which  it  occurs  is  of  de- 
gree n  .  Corresponding  substitutions  of  similar  groups  have  the  same 
characteristic  equation.  Then  no  two  irreducible  constituents  of  G  are 
similar  groups.  Let  G'  be  the  subgroup  of  G  that  leaves  JTO  fixed.  The 
subgroup  of  any  irreducible  constituent  of  G  that  corresponds  to  G'  has 
one  and  only  one  linear  invariant  (§  33). 

Let  CD  be  a  primitive  nth  root  of  unity.     There  is  one  and  only  one 
linear  function  of  JFO  ,  x±  ,  •  •  •  ,  .rn_i  which  5"  transforms  into  to1  times  itself  : 


J=o 

These  n  equations  define  a  substitution  T  of  non-zero  determinant  which 
transforms  S  into  the  canonical  form: 


The  inverse  of  T  is 

HJT,  ^if  co^y,  (;  =  0,  1,  •••,  n—  1)  . 

1  =  0 

It  is  possible  to  completely  reduce  G  ,  and  then  transform  each  constituent 
in  such  a  way  that  5  goes  into  the  canonical  form.  Then  the  substitution 
T  ,  followed  by  a  certain  permutation  of  the  subscripts  of  the  new  vari- 
ables, completely  reduces  G  . 

We  assume  that  G  has  no  invariant  subgroup.  Hence  no  irreducible 
representation  of  G  ,  except  the  identical  one,  is  on  one  variable.  In 
every  irreducible  representation  (of  degree  5  2)  the  substitution  S  is  of 
order  n  .  Now  the  coefficients  of  T~*GT  are  rational  functions  of  a)  , 
and  if  to  is  replaced  by  any  other  primitive  wth  root  of  unity,  as  (Oi  ,  a  given 
irreducible  constituent  of  G  is  either  unaltered  thereby,  or  becomes  another 
irreducible  constituent  of  G  .  But  when  GO  is  replaced  by  (Oi  ,  the  s  given 
multipliers  of  6*  in  a  certain  irreducible  constituent  go  over  into  the  s  mul- 
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tipliers  of  5  in  the  same  or  another  irreducible  constituent.  Consequently 
the  <p(«)  primitive  roots  of  unity,  multipliers  of  S  ,  are  evenly  distributed 
among  /  irreducible  constituents  of  degree  ^  each. 

Let  *bl  ,  x^  ,  •  •  •  ,  .rbr  (r  <  n  —  1)  be  the  letters  of  a  transitive  con- 
stituent of  G'  .  Both  XQ  and  xbl  -f~  x^  -\-  •  •  •  -f-  x\>r  are  linear  invariants  of 
G'  ,  The  substitution  T  transforms  them  into 


and 

"2  yi  2  «lbV«  • 


i=o          v=l 


Let  3;^  ,  y^  ,  •  •  •  ,  y&s   (s  <  n  —  1)   be  the  variables  of  some  irreducible 
constituent  F  of  G  .    Then 


and 

2  yao  2 

U=l  T=l 

are  both  invariants  of  the  subgroup  F'  of  F  that  corresponds  to  G'  .    But 
F'  has  only  one  linear  invariant.    Therefore 


(l)  2  <*?ib*  =  2  «ajbT  =  '  '  '  =  2  <»••**  • 

v=l  v=l  v=l 

If  n  =  pm,  S  has  at  least  one  primitive  w01  root  of  unity  among  its 
multipliers  in  every  irreducible  constituent  group  of  G  .  That  is, 

ts  =  />m  —  1  . 

Let  n  =  pm  (m  >  1  ,  p  a.  prime).  We  are  at  liberty  to  assume  that 
o)ai  =  d  is  a  primitive  w"1  root  of  unity  and  that  (oa»  =  a  is  a  primitive 
p^  root  of  unity.  If  we  put 

bv  =  c^pm-1  +  dv,  dv<pm~l  (v=l,  2,  •••  ,  r)  , 

and 

^P»-i  =  ak  f 

(1)  gives 

(2)  2  ^drakCT  —  2  «dr  =  0  • 

T=l  T=l 

Not  every  bi  ,  b2  ,  '  '  '  ,  bT  is  congruent  to  zero,  modulo  p  ,  because 

2  ^  H=  r  . 

T=l 
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The  equation 
(3)  tfp-^cp-i)   +  .*rPm-1(I)-2)   +  '  '  '  +  *pm~1  +1  =  0 

is  known  to  be  irreducible^  not  merely  in  the  field  of  rational  numbers, 
but  also  when  to  the  rational  field  are  adjoined  any  roots  of  unity  whose 
orders  are  relatively  prime  to  p  .  Hence,  if  in  (2)  the  coefficients  of 
every  power  of  0  (and  of  a)  are  not  zero,  (2)  is  a  multiple  of 


In  either  event  the  p  coefficients  of  the  p  powers  of  a  are  equal. 

Now  assume  that  just  e  exponents  cv  are  zero,  and  that  /  exponents 
dv  are  congruent  to  zero,  modulo  p  : 

Ci  =  cz  =  '  '  •  =  ce  =  0  (0  g  e  ^  r}  , 

dt  =  dz  =  •  •  •  =  di  =  0  ,  mod  p  (0  g  /  <  r)  . 

Comparing  the  coefficients  of  powers  of  a  in  (2), 


=    2    od-  —  f" 


If  e  =  r  ,  ft  is  a.  root  of  the  equation 

±  ^  =  f-f, 

v-l 

the  degree  of  which  is  less  than  />m~1 ,  that  is,  is  less  than  the  degree  of  (3). 
If  e  <  r ,  the  exponents  rfe+1 ,  de+2 ,  -• ,  de> ,  de'n  ,  de-+2 ,  •"  ,  de"  ,  •  •  • , 
must  be  d± ,  dz ,  •  •  •  ,  de  over  again,  and  therefore 

f  =  f  =  i"  =  •  •  •  =  /(p-D  . 

Then 

r  =  0 ,  mod  /> . 

But  x^  ,  jrb2  •  •  •  ,  x*T  is  any  transitive  constituent  (except  ,v0)  of  G' . 
This  leads  to  the  false  conclusion  that 

n  —  1=0,  mod  p  . 
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Let  n  be  an  odd  prime  p  .    Then  without  the  assumption  that  G  is 
simple, 


and  we  can  prove  that  G  (of  order  >  />)  contains  a  characteristic  sub- 
group of  order  p  . 

Consider  a  substitution  Q  of  G  whose  order  q  is  not  divisible  by 
q  (q  is  not  necessarily  a  prime).  Let  its  characteristic  in  a  certain  ir- 
reducible constituent  group  of  G  be  ip  .  Now  ip  ,  the  sum  of  qth  roots  of 
unity,  is  a  rational  function  of  GO  ,  only  if  it  is  a  rational  number.  Since 
i|>  is  independent  of  co  ,  Q  has  the  same  characteristic  in  every  irreducible 
constituent  group  of  G  .  But  op  is  more  than  a  rational  number  ;  it  is  a 
rational  integer,  because  any  sum  of  roots  of  unity  is  an  algebraic  integer. 

The  characteristic  of  Q  in  G  is  1  -f-  ftp;  it  is  also  the  number  of  letters 
of  G  left  fixed  by  Q  .  This  is  not  zero,  for  G  has  at  least  two  constituent 
groups  (§  34,  II),  so  that  —  l/t  is  not  an  algebraic  integer.  Let  m^  be 
the  number  of  permutations  of  G  which  fix  1  -)-  ftp  letters.  Let  m  be  the 
number  of  permutations  of  G  whose  characteristic  in  the  given  irreducible 
representation  is  Xs  (the  characteristic  of  5)  .  The  sum  of  the  charac- 
teristics (§25)  of  all  the  substitutions  of  this  irreducible  constituent  is 

(4)  —  m  -\-  nt-i  -j-  2m2  ~h  '  '  *  +  «fws  =  0  . 

In  the  same  way  (2)  of  §  29,  which  we  may  write 

(5)  ixixi-o          (xi=Hxi), 

1=1 
can  be  applied  to  two  irreducible  constituent  groups  of  G  .    Now 

^    (coat  +  coa*  -f  •  •  •  +  (fla»)  (arkai  -f  co-ka2  +  •••-(-  co-ka«)  , 

where  the  summation  extends  to  the  (p  —  l)/j  substitutions  of  order  p 
which  are  powers  of  5"  and  have  different  characteristics,  is,  because  of 
(5),  a  rational  integer  and  is  therefore  —  s  .  Hence  (5)  becomes 

(6)  —  ms  -j-  wi  4"  22w,2  +  •  •  '  +  s2ma  =  0  . 

After  elimination  of  m  from  (4)  and  (6), 

jw!  +  2w2  +  •  •  •  +  sms)  =  mi  +  22w2  -f  •  •  • 
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The  group  G ,  when  n  is  an  odd  prime,  is  of  class  n  —  1 ,  and  from  §  32, 
III,  it  has  a  characteristic  subgroup  of  order  p  .    Hence  the  theorem : 

//.  A  simply  transitive  non-cyclic  group  of  degree  p  contains  a  char- 
acteristic subgroup  of  order  p  . 


§35. 

Groups  of  Order  paq&  . 

Three  general  theorems  will  lead  easily  to  the  proof  that  no  group 
of  order  paq&  (p  and  q  being  prime  numbers)  is  simple. 

/.  For  any  irreducible  group,  £iXi/Xi  *J  an  algebraic  integer. 
From  §  25,  (2),  we  have 

k 

X iA j    =   2    ^ijk-^k  > 
k=i 

if  X,  is  put  for  £iXi/Xi  •    For  a  given  subscript » ,  these  equations  become 
X^Xj.  +  cil2X2  -\-  cll3X3  +  •  •  •  -f-  Cuh-Xh  =  0, 

+    (^122  —  Xi)X2   -f-    Clasps   +   '   '   '    +   Cuh-Xb  =  0, 


-j-     Clh2^2    "I       Clb3-<^8     ~f-     '          '     "|"      (Clhh    Xi)Xb    =    0 

Hence  Xi  is  a  solution  of  the  equation 

t  ,     Cjl2  , 

=  0. 


We  may  remark  in  passing  that 

//.  The  order  of  an  irreducible  group  is  divisible  by  its  degree. 

For  if  (3)  of  §  29  is  divided  by  Xi  ,  the  degree  of  the  group, 
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*    £lXl  -  S 


Then,  by  Theorem  I,  g/fo  is  an  algebraic  integer,  and  therefore  a  natural 
number. 

///.  //  the  degree  (^2)  of  an  irreducible  simple  group  is  relatively 
prime  to  the  number  (^2)  of  substitutions  in  some  complete  set  of  con- 
jugates, the  characteristic  of  the  set  is  zero. 

Let  S  be  a  substitution  of  order  s  of  the  ith  conjugate  set  of  the  irre- 
ducible group  G  of  degree  Xi  •  If  the  characteristic  of  5"  is 

Xi  =  coai  +  co'i  +  •  •  •  , 
where  co  is  a  primitive  sih  root  of  unity,  the  characteristic  of  S*  is 


Consider  the  product 


in  which  n  runs  through  the  <f(s)  positive  integers  less  than  and  prime  to 
s.  The  factor  II  Xun)  is  a  symmetric  function  of  the  cp(j)  primitive  s^ 
roots  of  unity,  and  therefore  is  a  rational  integer.  But  a  is  an  algebraic 
integer  (by  I)  and  hence  it  too  is  a  rational  integer.  Now 

II  Xi<n)  =  mod  II  Xi(n)  =  II  mod  Xi<n>  , 

n  n  n 

so  that  (£i/x00(8)  n  mod  Xiw  is  a  rational  integer.  If  g{  and  Xi  are 
relatively  prime,  H  mod  XKIO  is  zero  or  divisible  by  Xi(B)  •  Since  XKU)  is  a 
sum  of  Xi  roots  of  unity,  the  largest  value  that  mod  Xioo/Xi  can  have  is 
unity,  and  this  value  is  realized  only  when  the  Xi  multipliers  of  5*°  are 
equal.  Only  the  identity  has  Xi  for  its  characteristic.  Then  5n  is  invariant 
in  G  .  But  G  is  a  simple  group  of  composite  order.  Finally,  Xi  is  zero  if 
£1  (5  2)  is  relatively  prime  to  Xi  • 

IV.  In  no  simple  group  is  the  number  of  substitutions  in  some  conju- 
gate set  a  power  of  a  prime. 

If  the  given  group  G  (of  order  g)  is  written  as  a  regular  group  and 
is  completely  reduced, 

2  (xi)2  =  £. 
1=1 
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Now  Xi  =  1  »  and  £  is  divisible  by  £i  =  pm  ,  a  power  of  a  prime.  There- 
fore there  is  at  least  one  irreducible  representation  whose  degree  Xi  is  not 
divisible  by  p  ,  and  in  it,  Xt  is  zero  or  else  (xi  >  1  )  all  the  substitutions 
of  the  Ith  set  are  similarity  substitutions,  that  is,  are  invariant  in  G  .  If 
Xi  =  1  ,  G  has  an  invariant  subgroup  with  respect  to  which  the  quotient 
group  is  Abelian.  If  Xi  is  zero  in  every  irreducible  representation  of  de- 
gree greater  than  unity  and  relatively  prime  to  p  , 


of  §  30,  becomes 

l+tf  =  0, 

where  |3  is  an  algebraic  integer. 

V.  A  group  whose  order  is  divisible  by  two<  and  only  two  distinct 
primes  has  an  invariant  subgroup. 

If  g  =  p°-q&  t  an  invariant  substitution  of  a  subgroup  of  order  qP  be- 
longs to  a  set  in  which  the  number  of  conjugate  substitutions  is  />m  . 


TRANSITIVE   GROUPS  81 


CHAPTER  V. 
TRANSITIVE  GROUPS. 

§36. 

The  Largest  Subgroup  in  Which  a  Given.  Subgroup  or  Permutation  Is 

Invariant. 

With  this  chapter  we  take  up  once  more  the  direct  study  of  groups 
of  permutations.  The  proofs  of  the  theorems  now  to  be  considered  are  in 
general  longer  and  more  involved  than  any  that  have  been  encountered  in 
the  preceding  pages. 

/.  Let  G!  be  the  subgroup  that  fixes  one  of  the  n  letters  of  a  transitive 
group  G  .  Let  H  be  a  subgroup  (permutation)  of  G^  of  degree  n  —  m 
(0  <  m  <  M)  and  let  I  be  the  largest  subgroup  of  G  in  which  H  is  in- 
variant. Then  I  has  as  many  transitive  constituents  in  the  m  letters  fixed 
by  H  as  there  are  different  conjugate  sets  in  G±  which,  under  the  permu- 
tations of  G ,  enter  into  the  complete  set  of  conjugates  to  which  H  be- 
longs. The  degree  of  each  of  these  constituents  is  proportional  to  the 
number  of  subgroups  (permutations}  in  the  several  conjugate  sets  of  Gi 
in  question. 

Let  g  be  the  order  of  G  ,  and  let  those  conjugates  of  H ,  which  are 
found  in  Gi ,  lie  in  k  different  sets,  in  so  far  as  they  are  permuted  by  the 
permutations  of  G^  only,  with  r  conjugates  in  the  set  that  includes  H ,  r^ 
in  a  second  set,  and  so  on.  In  Gi ,  H  is  invariant  in  a  subgroup  of  order 
g/nr ,  while  HI  ,  a  subgroup  (permutation)  in  the  second  set,  is  invariant 
in  a  group  of  order  g/nr-^ .  The  largest  subgroup  7  of  G  in  which  H  is 
invariant  is  of  order  gm/ns  (s  =  r  -f-  fi  -f- ' ' '  +  »V.i)  •  Now  /  does  not 
connect  transitively  the  n  —  m  letters  displaced  by  H  and  the  m  letters  it 
leaves  fixed.  Since  the  largest  subgroup  of  Gr  in  which  H  is  invariant  is 
of  order  g/nr ,  I  has  one  transitive  constituent  of  degree 

(gm/ns) /(g/nr)  =  mr/s 

in  letters  left  fixed  by  H  (§  11,  IV).  Let  at ,  a2 ,  •  •  • ,  bi ,  b2 ,  •  •  •  be  the 
letters  of  G  left  fixed  by  H .  The  letter  fixed  by  Gi  is  Oi .  Consider  a 
permutation  5"  =  (a^  •••)•••  of  G  .  Since  there  are  permutations  of  G 
which  transform  H^  into  H  we  may  assume  that  5"  transforms  //i  into  H  . 
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Then 


that  is,  every  permutation  GiS=(a1b1  •  •  •)  •••  of  G  transforms  some 
subgroup  (permutation)  Hi  (conjugate  to  Hx  under  permutations  of  d) 
into  H  : 

(d^^dS)  =H. 

Then  no  matter  by  which  of  the  permutations  (a^  ...)...  of  G  we 
transform  d  we  get  a  group  Gz  that  fixes  b^  and  in  which  H  is  a  member 
of  that  set  of  rx  conjugates  by  which  every  permutation  dS=  (a^  •  •  •) 

•  •  •  replaces  the  set  HI  ,  •  •  •  of  d  .    Then  b^  is  one  of  the  letters  of  a 
transitive   constituent   of   degree   mr-^/s   in   /  .      Since   no   permutation 
(Oi&i"-)  •  •  •  transforms  H  into  itself,  the  letter  al  is  not  an  element 
of  this  transitive  constituent  in  the  mr^/s  letters  fci  ,  b2  ,  •  •  •  .     If  mrjs 
is  not  unity,  there  is  a  permutation  T2=  (Wv)  •  •  •  in  /,  and  the 
product  ST2  =  (a\b2-  •  •)  '  '  '  transforms  Hi  into  H  ,  as  do  also  the 
products  ST3  =  (ai&3  •••)••-,•••,  where  T3  =  (bib3  •••)••-,•••. 
Every    permutation    dSTj     (i  =  2,  3,  •  •  •)    transforms    some    sub- 
group   (permutation)    HI  (conjugate  of  HI  in   d)    into  H  .     Suppose 
that  a  permutation  S^  =  (aiCi---)  •  •  •  transforms  H±  into  H  .     Then 
5"1  =  (bidi  •  •  •)  •  •  •  transforms  H  into  //i  ,  so  that  S~1S^  =  (biC-i  ••  •  •) 

•  •  •  transforms  H  into  itself,  thereby  showing  that  c1  is  one  of  the  above 
letters  bi,b2,  •".     If  S^  had  transformed  Hi  (some  other  member  of 
the  set  HI  ,  •••  of  d)  into  H  ,  a  properly  chosen  permutation  GiSi  = 
(0i^i  *  *  ')  '  '  '  would  have  transformed  H^  into  H  ,  and  that  permutation 
could  have  been  called  Si  .    Then  no  permutation  (a^j.-  ••)•••   (ct  not 
one  of  the  letters  fci  ,  •  •  •)  can  transform  any  member  of  the  set  H:  , 
into  H  .    Next,  there  must  be  a  permutation  in  G  to  transform  Hz  into 
H:  call  it  C/=  (ffiCi  •  •  •)  •  •  •  .    We  know  that  ct  does  not  belong  to  the 
same  transitive  constituent  in  /  as  ax  or  &x  .    Then  just  as  before  7  has  a 
transitive  constituent  in  the  mr2/s  letters  c-^  ,  c2  ,  "  '  associated  with  the 
conjugate  set  H2  ,  •  •  •  of  d  .     Thus  we  find  k  —  1  transitive  constit- 
uents in  ritn/s  letters  bi  ,  b2  ,  '  '  '  ,  in  r2m/s  letters  cx  ,  c2  ,  •  •  •  ,  in  r3m/s 
letters  d^  ,  dz  ,  "  '  ,  and  so  on,  associated  with  the  k  —  1  conjugate  sets 
H!  ,  •  •  •  ,  H2  ,  -  •  •  ,  H,  ,  •  •  •  ,  •  •  •  of  d  ,  in  addition  to  the  constituent 
of  degree  rm/s  in  the  letters  Oi  ,  o2  ,  •  •  •  .    Every  permutation  (a^a2  •  •  •) 

•  •  •,  (a^a&•  •  •)  •.»--••'•  transforms  some  subgroup  (permutation)  H' 
(of  the  set  H  ,  •••  of  d)  into  H  . 
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§  37. 

The  Transitive  Constituents  of  the  Subgroup  That  Fixes  One  Letter  of 

a  Uniprimitive  Group. 

All  multiply  transitive  groups  are  primitive.  Simply  transitive  groups 
may  be  primitive  or  imprimitive.  We  shall  for  the  sake  of  brevity  call 
simply  transitive  primitive  groups,  uniprimitive  groups.  The  subgroup 
that  leaves  one  letter  of  a  uniprimitive  group  fixed  is  intransitive  and  of 
degree  n  —  1  (§  17). 

/.  A  prime  that  divides  the  order  of  the  subgroup  that  fixes  one 
letter  of  a  uniprimitive  group,  divides  the  order  of  every  constituent  group 
of  that  subgroup. 

Let  G!  be  a  subgroup  that  fixes  one  letter  of  a  uniprimitive  group  G 
of  degree  n .  If  the  order  of  G±  is  divisible  by  a  prime  p  that  does  not 
divide  the  order  of  every  transitive  constituent  group  of  G!  ,  the  subgroup 
H ,  generated  by  all  the  permutations  of  order  p  of  G: ,  is  invariant  in  d 
and  displaces  no  letter  of  any  transitive  constituent  of  G1  whose  order  is 
not  divisible  by  p.  Since  G  is  transitive,  H  is  not  invariant  in  G  ,  and 
since  G  is  primitive,  G±  is  a  maximal  subgroup  of  G  and  is  therefore  the 
largest  subgroup  of  G  that  transforms  H  into  itself.  Then  by  §  36,  since 
H  fixes  certain  letters  of  d,  there  should  be  other  subgroups  in  d>  con- 
jugate to  H  under  G  .  But  since  H  contains  all  the  permutations  of 
order  p  of  d  ,  and  is  generated  by  them,  this  is  impossible.  Then  p 
divides  the  order  of  every  constituent  of  d  . 

//.  Let  G!  be  the  subgroup  that  fixes  one  letter  of  a  uniprimitive 
group.  If  one  constituent  of  Gl  is  a  regular  group  of  order  p*  (p  a 
prime)  ,  G^is  of  order  />n  . 

Since  one  transitive  constituent  (A)  of  d  is  of  order  />n  ,  d  is  of 
order  pm  (>  />n ,  say).  Then  d  has  an  invariant  subgroup  H  of  order 
pm-n  (§  ii)  whose  permutations  displace  no  letter  of  A  .  By  §  36,  be- 
cause of  H  and  the  one  letter  of  G  fixed  by  d  ,  d  must  have  />n  conjugate 
subgroups  similar  to  H .  But  (§  10,  V,  VI)  no  group  of  order  pm  has  so 
many  as  />n  subgroups  of  order  pm~a  in  one  complete  set  of  conjugates. 

§  38. 

Multiply  Transitive  Constituents  of  the  Subgroup  That  Fixes  One  Letter 

of  a  Uniprimitive  Group. 

I.  Let  G!  ,  the  subgroup  that  fixes  one  letter  of  a  uniprimitive  group 
G  of  degree  n  and  order  g ,  have  a  multiply  transitive  constituent  of  de- 
gree m .  If  GI  has  no  transitive  constituent  whose  degree  is  a  divisor 
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(>  w)  of  m  (m  —  I),  all  the  transitive  constituents  of  G±  are  isomorphic 
multiply  transitive  groups  of  degree  m  and  order  g/n  , 

Let  G(x)  be  the  subgroup  (Gi)  that  leaves  the  letter  x  fixed.  Let 
Oi  ,  o2  ,  •  •  •  ,  0m  be  the  letters  of  the  given  (at  least)  doubly  transitive  con- 
stituent (A}  of  degree  m  of  G(x}  .  The  order  of  G(x)  is  g/n  ,  that  of 
G(x)  (Oi)  (fixing  first  x  and  then  fl^)  is  g/(nm),  and  that  of 
G(x)  (ai)(<h)  is  g/[nm(m  —  1)]  .  Obviously 


The  subgroup  G(x)(ai)  has  a  transitive  constituent  of  degree 
m  —  1  in  the  letters  o2  ,  a3  ,  •  •  •  ,  Om  .  In  the  subgroup  G  (  ai  )  ,  ^r  is  a 
letter  of  a  transitive  constituent  of  degree  m.  If  in  G(a-C)  the  letters 
02  >  #3  >  '  '  '  >  °m  form  a  transitive  constituent  of  degree  m  —  1  ,  or  if  they 
form  with  x  a  transitive  constituent  of  degree  m  ,  G(x}  is  not  a  maximal 
subgroup  of  G  .  If  the  transitive  constituent  az  ,  a$  ,  •  •  •  ,  Om  ,  •  •  •  ,  of 
G(ai)  is  of  degree  [A  (s=  m)  ,  G(ai)(a2)  is  of  order  £/(HH)  ;  and  if  5  is 
the  degree  of  the  transitive  constituent  of  G(a^}(a^}  in  which  x  is  in- 
cluded, 

(m—  1)]  . 


Since  by  hypothesis  \i  (when  \i  >  w)  does  not  divide  m(m  —  1),  \i  =  m  . 
The  constituent  c^  ,  a2  ,  as  ,  •  •  •  ,  am  in  G(ax)  ,  because  it  has  a  transitive 
subgroup  of  degree  m  —  1  ,  is  doubly  transitive. 

Since  the  order  of  G(a1)(a2)  is  g/(nm)  ,  x  is  in  a  transitive  constit- 
uent of  degree  m  —  1  of  G(a^  (a2)  and  therefore  is  in  a  doubly  transitive 
constituent  of  degree  mofG:(a1).  If 


are  the  letters  of  the  two  doubjy  transitive  constituents  of  G(a^)  that  have 
been  mentioned,  the  permutations  of  G(x)  which  transform  G(a^)  into 
G(a2)  replace  the  letters  of  these  constituents  of  G(a1)  by 

x  ,  bl  ,  bl  ,  •  -  •  ,  b"m     and  cz  ,  a^  ,  aa  ,  •  •  •  ,  a^  . 
Similarly  the  two  corresponding  constituents  of  G(a3)  are 
x  ,  bl  ,  bl  ,  •  •  •  ,  b3m  and  cm  ,  01  ,  a,  ,  •  •  •  ,  Om_i  . 


Finally  when  G(ar}  is  transformed  into  G(am)  ,  we  get 
x ,  b?  ,  bf  ,  •••  ,  fe£  and  cm ,  al  ,  a<> ,  •  •  •  , 
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If  ci  =  cz,  say, 

(G(o,)  ,  G(o,)}  =  G 

permutes  the  letters  Cj.  ,  ai  ,  a2  ,  •  •  •  ,  am  among  themselves.  Then  G(x) 
has  a  transitive  constituent  C  on  the  m  letters  Ci  ,  c2  ,  •  •  •  ,  cm  ,  which  is, 
moreover,  doubly  transitive,  because 


has  a  permutation  that  replaces  c2  by  ci  at  the  same  time  that  it  replaces 
o2  by  a{  (i  —  3  ,  4  ,  •  •  •  ,  m)  .  Of  course,  C  and  /4  are  homomorphic  (§  11) 
but  since  G(x)  (ci)  and  G(^)  (oa)  are  identical,  C  and  ^4  are  isomorphic. 

The  m(m  —  1)  letters  b'2  ,  b'3  ,  •  •  •  ,  b'm,  b'2  ,  •  •  •  ,  bm  are  permuted 
transitively  by  G(x)  so  that  if  there  are  repetitions  among  them  one  letter 
occurs  as  often  as  any  other,  Q  times,  say.  Hence  there  is  in  G(.r)  a  transi- 
tive constituent  of  degree  m(m  —  1  )/Q  =  m  .  Now  the  letters  &x,  b2,  .  .  .,  bm 
(dropping  accents  in  G(ai)  and  calling  the  mth  letter  b^)  are  permuted 
as  a  doubly  transitive  constituent  of  G(.r)  .  This  follows  from  the  fact 
that  the  letters  x  ,  b'2  ,  b's  ,  •  •  •  ,  bm  "and  x  ,  b'2  ,  b"3  ,  •  •  •  ,  b'^  ,  say,  are 
not  all  the  same,  but  each  omits  one  of  the  letters  bi  ,  b2  ,  •  •  •  ,  bm  ,  although 
all  these  letters  are  displaced  by  each  group  G(ai)  ,  G(a2]  ,  •  •  •  ,  G(am)  . 
The  sets  b\  ,  b'i  ,  •  •  •  ,  bf  (i  =  2  ,  3  ,  •  •  •  ,  m)  are  permuted  according 
to  the  doubly  transitive  constituent  A  of  G(x}  and  therefore  the  letters 
bi  ,  b2  ,  •  •  •  ,  bm  which  serve  to  characterize  these  m  sets  belong  to  a  doubly 
transitive  constituent  B  of  G(x}  .  Since 


B  is  isomorphic  to  A  .    If  B  coincides  with  C  , 

{GOO,  G(a,)}  =  G 


is  of  degree  2m  -f-  1  and  the  theorem  is  true  as  stated. 

Then  assume  that  n  >  2m  -f-  1  .  Since  the  m  —  1  letters  c2  ,  c3  ,  •  •  • 
are  the  letters  of  a  transitive  constituent  of 


has  a  transitive  constituent  rfi  ,  c2  ,  c3  ,  •  •  •  ,  cm  ,  "  '  whose  degree 
divides  m(m  —  1)  and  is  therefore  m.  As  before,  transformation  of 
G(a-L')  by  permutations  of  G(x)  reveals  a  fourth  doubly  transitive  constit- 
uent D  isomorphic  to  A  in  G(x)  unless  di  =  d2  (say),  or  unless  the 
constituents  D  and  B  coincide.  If  dv  =  d2  ,  G  is  intransitive.  If  D  and  B 
coincide, 

(COO,  0(0,)}  =  G 
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is  of  degree  3m  -f-  1  ,  and  the  theorem  is  true.    Evidently  the  theorem  can 
be  proved  by  induction. 

Let  it  be  assumed  that  G(x}  has  exactly  k  (==  3)  isomorphic  doubly 
transitive  constituents  of  degree  m:  A  ,  B  ,  -  •  • ,  K ,  on  the  letters 


respectively.    The  k  —  1  transitive  constituents  of  G(ai)  on  the  letters 

•*"  >    bz  ,  bs  ,  •  •  •  ,  bm  ; 


,       .  ,      *  ,  ,      m  , 


,   €2  t 


,  , 


*!»/§»/•»"        '  t   Jm\ 

are  doubly  transitive  groups.     It  is  also  assumed  that 


Another  transitive  constituent  of  G(at)  is  on  the  \i  letters 
/      fr      t      •  •  •     t      •  •  • 

*l  ,  «2  »   "-s  »  »   "-m  > 


Since 


=  m  . 

The  permutations  of  G(jr)  that  transform  G(ai)   into  G(a2)  ,  G(ag)  , 
•  •  •  ,  ^(ani)  ,  replace 

l/l  ,    «2  >    «3  >  >    »m  > 

by 

*  i  ,    K\  ,    Kg  »  *  ,    »m  » 


*m  >    *l  >    *2  »  >    *m_l  > 

respectively.    If  /i  =  J,  , 


has  a  transitive  constituent  of  degree  (k  —  \}m-\-  1  .    Then  the  wt  distinct 
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letters  k  ,  lt  ,  •  •  •  ,  L  belong  to  a  doubly  transitive  constituent  L  of  G(x)  , 
isomorphic  to  A  because 


But  since  G(x)  has  only  k  isomorphic  doubly  transitive  constituents  of 
degree  w  ,  L  must  coincide  with  one  of  the  given  constituents,  and  be- 
cause of  G(OI)  ,  the  only  constituent  of  G(x~)  with  which  it  can  coincide 
is  B  .  Then 


is  of  degree  km  -f-  1  •    Since  the  theorem  is  true  when  k  =  1  ,  2  ,  and  3  ,  it 
is,  by  a  complete  induction,  true  in  every  case. 

§  39. 

Invariant  Subgroups  of  Primitive  Groups. 

I.  An  invariant  subgroup  of  a  t-ply  transitive  group  is  at  least  t  —  1 
times  transitive,  if  an  exception  is  made  of  the  elementary  group  of  order 
2m  that  occurs  in  certain  triply  transitive  groups. 

The  theorem  is  obvious  and  trivial  in  case  t  =  1  . 

Let  G  be  a  group  of  degree  n  that  is  t  (  ^  2)  times  transitive,  and  let  H 
be  an  invariant  subgroup  of  G  .  Let  5  be  a  permutation  of  H  and  let 
Ci  ,  C2  ,  "  '  ,  C*  (k  <  n)  be  its  component  circular  permutations  of  one 
or  more  letters.  Let  d  ,  Cz  ,  "  '  ,  CT  (r  ^  fe)  be  so  selected  that, 
(1)  CiC2  •  •  •  CT  contains  at  least  t  letters,  (2)  if  Cr  (say)  is  omitted, 
C\C2  •  •  •  Cr.i  contains  t  —  s  (  <  t  )  letters. 

Assume  for  the  moment  that  ^  >  1  .  Let  ai  ,  az  ,  •  '  •  ,  at  be  the  first 
letters  of  5  as  now  arranged.  A  permutation  T  of  G  fixes  ai  ,  a2  , 
•  •  •  ,  at_i  and  replaces  at  by  b  . 


is  a  permutation  of  H  ;  so  also  is  S~1T~1ST=  U  ,  which  fixes  t  —  2  of  the 
t  —  1  letters  a\  ,  a2  ,  •  •••  ,  at_i  ,  and  replaces  at  by  b  .  There  is  in  G  a 
permutation  V  that  replaces  at  ,  b  ,  and  the  t  —  2  letters  Oi  ,  aa  ,  •  •  •  fixed 
by  U  ,  by  t  arbitrary  letters  <Xi  ,  <x2  ,  •  •  •  ,  at  •  Then  V~*UV  fixes  the  t  —  2 
letters  a3  ,  a4  ,  •  •  •  ,  at  and  replaces  o^  by  a2  .  Since  H  includes  V'^UV  , 
it  is  at  least  t  —  1  times  transitive. 

It  is  very  different  if  for  every  permutation  S  of  H  and  for  every  ar- 
rangement of  the  component  circular  permutations  of  5"  ,  C\CZ  •"  Cr_i  is 
of  degree  t  —  1  .  Suppose  that  d  ,  C2  ,  •  •  •  ,  Ck  are  so  given  that  the  degree 
of  Cx  is  not  less  than  that  of  C2  ,  the  degree  of  C2  is  not  less  than  that  of 
Cg  ,  and  so  on.  Then  unless  Cl  and  Cr  displace  the  same  number  of  letters, 


88  PRIMITIVE  GROUPS 

CTC2C3  •  •  •  C^G  contains  at  least  t  letters  and  CrC2C3  •  •  •  Cr_!  contains  at 
most  t  —  2  letters.  Therefore  the  permutation  5"  is  regular,  of  degree  n  , 
and  its  order  divides  t —  1  .  If  H  is  intransitive,  G  is  imprimitive  and  the 
theorem  is  true.  If  H  is  transitive,  it  is  a  regular  group,  and  simply  tran- 
sitive. But  H  is  t  —  2  times  transitive,  for,  regarding  G  as  a  t  —  1 
times  transitive  group,  dC2  '  * '  Cr_i  is  of  degree  t  —  1  and  C\C2  '  * '  Cr_2 
is  of  degree  less  than  t  —  2  .  Therefore  t  =  3  ,  and  the  order  of  every 
permutation  of  H  divides  2.  By  §  7,  III,  H  is  an  elementary  group  of 
order  2m .  An  example  is  the  symmetric  group  of  degree  4,  in  which  the 
subgroup 

1,    (12)  (34),    (13)  (24),    (14)  (23) 
is  invariant. 

It  follows  almost  immediately  that 

II.  Alternating  groups  of  degree  ^  5  are  simple. 

Since  alternating  groups  of  degree  n  (==  5)  are  n  —  2  times  transitive, 
a  self -con  jugate  subgroup  of  an  alternating  group  is  n  —  3  times  transi- 
tive and  therefore  is  of  order  n\/6 .  In  the  alternating  group  of  degree 
n  there  are  exactly  w!/[20(n  —  5)  !]  subgroups  of  degree  and  order  5  . 
They  constitute  a  single  conjugate  set  and  should  therefore  all  be  in  the 
invariant  subgroup  of  order  n!/6.  But  in  the  latter  there  are  exactly 
n!/[5!(«  —  5)  !]  subgroups  of  degree  and  order  5. 


§  40. 
Invariant  Imprimitive  Subgroups  of  Doubly  Transitive  Groups. 

I.  If  a  doubly  transitive  group  has  an  invariant  imprimitive  subgroup, 
its  degree  is  /»m  (p  a  prime)  and  the  given  subgroup  is  of  class  pm  or 
pm  —  1  and  includes  an  elementary  group  of  order  pm  ,  invariant  in  G  . 

Let  the  doubly  transitive  group  G  of  degree  kq  have  an  invariant 
subgroup  H  of  order  h ;  let  Gl  and  H±  be  the  subgroups  of  G  and  H ,  re- 
spectively, that  leave  a  letter  a^  fixed.  One  of  the  smallest  systems  of  im- 
primitivity  of  H  is  composed  of  the  q  letters  axa2  •  •  •  aq ,  say.  Any  permu- 
tation of  G1  transforms  the  system  a^a2  •  •  •  aq  into  another  system 
Oi&2  ' ' '  bq .  Now  if  the  two  systems  of  imprimitivity  have  two  or  more 
but  not  all  their  letters  in  common  it  means  that  H  has  two  subgroups  of 
order  h/k  which  have  a  cross-cut  including  HI  of  order  greater  than  h/kq  . 
Then  the  two  or  more  common  letters  of  the  two  systems  are  another 
system  of  imprimitivity  of  less  than  q  letters,  contrary  to  hypothesis.  Be- 
cause G!  is  transitive,  every  letter  of  Gt  is  in  a  system  of  q  letters  with 
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ai .  Any  permutation  of  H^  permutes  among  themselves  the  q  —  1  letters 
of  each  of  the  systems  that  have  a±  in  common.  Suppose  that  a  permuta- 
tion S  of  H  fixes  ;both  fli  and  a2 .  There  are  in  H  two  systems  &^i  ' ' ' 
and  b2a2  ' ' '  which  have  only  bz  in  common.  Each  of  these  two  systems 
should  be  unchanged  by  S=  (ai)  (a2)  •  •  • .  But  S  transforms  them  into 
b2a-ib3  •  •  •  and  b2a2b3  "• ,  which  have  at  least  two  letters  in  common. 
Now  5"  fixes  all  the  letters  of  H  except  a3 ,  a4 ,  •  •  •  ,  a,  .  If  the  same 
reasoning  is  applied  to  S  =  (ai)  (&2)  (a3a4  •••)  •••  as  was  applied  to 
(flj)  (a2)  (b2b3  •••)  •••,  it  follows  that  S  is  the  identity  and  H  is  of 
class  kq  or  kg  —  1  .  In  either  event  G  has  an  invariant  subgroup  E  of 
order  kq  (§  32)  whose  kq —  1  permutations  of  degree  kq  form  a  complete 
set  of  conjugates  under  G  .  Then  q  is  a  prime  (/>)  and  the  order  of  every 
permutation  of  E  divides  q  .  Since  E  is  of  order  pm ,  it  has  an  invariant 
permutation  of  order  p  ,  which  is  transformed  by  G  into  an  invariant  per- 
mutation of  E  ,  and  E  is  Abelian. 

We  have  incidentally  proved  a  theorem  worth  stating  by  itself : 
//.  //  all  the   n   letters  of  an   imprvmitive  group   are   involved  in 
(n  —  l)/(q  —  1)  systems  of  imprimitivity  of  q  letters  which  have  one 
letter  in  common,  and  if  no  two  of  these  systems  have  more  than  the  one 
letter  in  common,  the  imprimitive  group  is  regular  or  of  class  n  —  1  . 

This  suggests  a  similar  theorem,  to  which  we  devote  the  next  section. 
It,  as  well  as  II,  will  be    required  for  the  developments  of  §  47. 


§41. 

Certain  Imprimitive  Groups. 

I.  If  all  but  q  letters  of  an  imprimitive  group  of  degree  n  (>  2q) 
are  involved  in  (n  —  q  —  l)/(q  —  1 )  systems  of  imprimitivity  of  q  letters 
which  have  one  letter  in  common,  and  if  no  two  of  these  system-s  have 
a  second  letter  in  common,  H  is  regular  or  of  class  n  —  1  . 

Let  a:a2a3  •••  aq  ,  aj)2bz  •••&„,-••  be  the  (n  —  q  —  !)/(</ — 1) 
systems  that  have  ax  in  common  and  in  which  every  other  letter  of  H  ex- 
cept di ,  a2 ,  •  •  •  ,  ccq  occurs  once  and  once  only.  We  shall  call  them  the 
systems  A  .  Any  permutation  5  of  H  that  fixes  a^  fixes  each  of  the  sys- 
tems A  .  If  q  =  2  ,  S  fixes  every  letter  of  A  : 

S  =  (aicc2)  , 

and  this  is  the  only  permutation  of  degree  and  order  2  in  H .  But  («ia2) 
cannot  be  invariant  in  H  ,  so  that  when  q  =  2  ,  H  is  a  regular  group.  The 
theorem  is  to  be  proved  in  case  q  ==  3  . 
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Any  permutation  of  H  that  replaces  a^  by  b2  transforms  the  system 
Oib2b3  •••&(,  into  itself.  Then  (a-J}2  "*)  •  •  •  replaces  the  systems  A  by 
systems  B  which  have  b2  in  common  and  no  two  of  which  have  any  other 
letter  in  common.  Consider  a  permutation 


If  5"  fixes  an  additional  letter  x  ,  it  can  be  shown  that  x  is  not  a  letter  of 
the  systems  B  .  For  if  x  were  a  letter  of  B  ,  the  system  b2x  •  •  •  would 
contain  b3  ,  so  that  the  two  systems  b2Oiba  '  '  '  bq  and  b2xb3  •••  of  B 
would  have  two  letters  in  common.  Then  5"  displaces  all  the  letters  of  the 
system  a-Lb2bz  '  '  '  &q  except  ai  .  It  follows  also  that  if  S  displaces  a2  ,  it 
fixes  no  letter  of  A  except  ai  . 

We  wish  to  see  if  S  can  be  of  degree  less  than  n  —  1  .  There  are 
two  cases  to  be  examined  :  S  may  fix  another  letter  of  A  or  it  may  displace 
all  the  letters  of  A  and  fix  ai  ,  say. 

Let 


It  displaces  b4  ,  b5  ,  •  •  •  ,  bq  ,  and  fixes  a3  ,  a4  ,  •  •  •  ,  a,  .  One  of  the  systems 
B  will  contain  a2  ,  and  therefore  also  &3  ,  which  is  contrary  to  hypothesis, 
unless  in  every  permutation  T  =  (dib2  •  •  •)  •  •  •  ,  R  =  (oi&3  •  •  •)  ••-,-•• 
of  H  the  letter  a2  is  preceded  by  one  of  the  letters  a  .  In  fact  there  must 
be  two  similar  cycles  (a^bzb  •  •  •  b}  and  (ace  •  •  •  aa2)  in  T  .  If  now 


T  = 
and 

R  = 


which  does  not  respect  the  system  Oia2  •  •  •  a,,  .    Hence  H  contains  q  —  1 
permutations 

•••)  •-.•  (i  =  2,  3,  •••  ,  q)  . 


Since  S  fixes  a,  ,  and  q  5  3  ,  H  contains  the  two  permutations  : 

T  =  (a^bi  •  •  •)  (a2a,  •  •  •)  (a,a  •  •  •)  ••* 
and 

U  =  (fli&j  •  •  •)  (ojttj  •  •  •)  (a.ct,  •  •  •) 

But 
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is  impossible.     Then   5"  =  (ai)(b2ba  •••)  •••  displaces   all   the   letters 
of  A  except  a:  . 

Let 


At  most  one  of  the  systems  X  into  which  a  permutation  (flitti  •  •  •)  :•• 
transforms  A  is  made  up  exclusively  of  letters  a  .  Then  since  S  fixes  each 
of  the  systems  X  ,  as  well  as  each  of  the  systems  A  ,  one  of  the  systems  X 
contains  at  least  two  letters  of  one  of  the  systems  A  .  Let  o.\a2a3  •  •  •  be 
the  transform  of  the  system  dib2b3  •••  bq  ,  say.  It  is  not  the  transform 
of  aifl2  •  •  •  oq  .  Any  permutation  (  o.^az  •  •  •  )  •  •  •  transforms  the  system 
'  "  into  itself,  and  therefore  the  product 


transforms  the  system  aib2b3  •  •  •  bq  into  a^a-tOs  •••  .  But  (a^a2  •  •  •)  •  •  •  , 
being  a  permutation  of  H  ,  fixes  the  system  a,ia2  •  •  •  oq  and  therefore 
cannot  transform  avbzb3  •  •  •  into  aza^ 

No  permutation  (axa2  •  •  •)  •  •  •  of  H  can  fix  all  the  n  —  q  letters  of 
A  ,  because  certain  systems  of  imprimitivity  of  q  letters  involve  ax  and 
some  letters  of  A  . 
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CHAPTER  VI. 
PRIMITIVE  GROUPS  WITH  TRANSITIVE  SUBGROUPS  OF  LOWER  DEGREE. 

§42. 

Introduction. 

I.  A  primitive  group  which  contains  a  transitive  subgroup  of  lorver 
degree  is  doubly  transitive. 

In  the  primitive  group  G  there  is  a  subgroup  H  ,  transitive  in  the 
letters  ax ,  a2 ,  •  •  •  ,  Om  .  Let  ai ,  a2 ,  •  •  •  ,  be  the  other  letters  of  G  .  The 
theorem  is  true  if  m  =  n  —  1  (  §  17) .  Let  m  be  less  than  n  —  1  . 

Because  G  is  transitive,  some  permutation  5  of  G  replaces  an  a  by  an 
a.  Of  all  such  permutations  let  S  displace  a  minimum  number  (==  1)  of 
letters  a  .  But  6"  does  not  displace  more  than  m —  1  a's  because  the  com- 
plete set  of  conjugate  subgroups  to  which  H  belongs  generates  an  in- 
variant, and  therefore  transitive,  subgroup  of  G  ,  and  the  latter  is  gen- 
erated by  permutations  of  degree  ^  m,  from  which  S  might  be  selected. 
Thus  5"  does  not  replace  every  a  by  an  a  .  Suppose  that  5*  has  a  cycle 
made  up  entirely  of  a's  .  The  transitive  group  S~1HS  contains  a  per- 
mutation that  replaces  an  a  by  an  a  and  displaces  none  of  the  letters  of  the 
given  cycle  of  5" .  Then  6"  has  no  cycle  of  letters  a  alone.  Hence 
H'  =  {H  ,  S]  is  a  transitive  group  of  degree  m  -j-  q  (0  <  q  <  m)  .  The 
letters  c^  ,  a2 ,  •* • ,  <xq  ,  if  q  >  1  ,  are  a  system  of  imprimitivity  of  Hf . 
Otherwise  there  is  in  H'  a  permutation  T  that  replaces  an  a  by  an  a  and 
an  a  by  an  a ,  so  that  THT~l  contains  a  permutation  that  replaces  an  a  by 
an  a  and  displaces  fewer  than  q  a's.  If  n=m-{-  q  (</>  1)  ,  the  permu- 
tation T  can  be  taken  from  G  and  the  same  conclusion  reached.  Then 
n  >  *»  -{-  £  if  £  >  I . 

This  process  can  be  continued  step  by  step  until  we  have  built  up  a 
transitive  group  K'  of  degree  mr  -f-  q'  =  n  .  Now,  as  we  have  just  seen, 
q'  =  1  ,  and  G  therefore  is  at  least  doubly  transitive. 

Incidentally  we  have  proved  that 

II.  A  primitive  group  of  degree  n  which  contains  a  primitive  sub- 
group of  degree  m  is  n  —  m  +  1  times  transitive. 

For  when  H  is  primitive,  q=l  ,  and  H'  is  doubly  transitive.  If 
m  +  1  <  «  ,  H",  formed  from  H'  in  the  same  way  that  H'  was  formed 
from  H  ,  is  triply  transitive,  and  so  on,  until  finally  a  subgroup  K  of 
degree  n  is  reached  which  is  n  —  m  -j-  1  times  transitive. 
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§43. 

The  Transitive  Subgroup. 
Theorem  II  of  the  last  section  is  only  a  special  case  of  the  following: 

I.  A  primitive  group  of  degree  n  which  contains  a  transitive  sub- 
group H  of  degree  m  (  <  n)  is  n  —  m  -\-  1  times  transitive  unless  H  has 
q  -\-  1  systems  of  imprimitivity  of  q  letters  which  have  one  letter  in,  com- 
mon, and  no  two  of  which  have  a  second  letter  in  common. 

If  the  primitive  group  in  question  is  more  than  doubly  transitive  we 
can  drop  to  one  of  its  doubly  transitive  subgroups  and  prove  the  theorem 
for  the  latter.  Then  let  G  be  a  doubly  (but  not  triply)  transitive  group 
of  degree 

mr  -f  1  =  m  -f  5x  +  •  •  •  -f  q,  +  1  , 

in  which  are  found  transitive  subgroups  H  ,  H±  ,  •  •  •  ,  HT  of  degree  m  , 
rm  =  m  -\-  q!  ,  •  •  •  ,  m*  =  m  -f-  q±  -f-  •  •  •  -\-  qT  ,  respectively.  It  is  assumed 
that  the  degree  of  any  transitive  subgroup  of  G  that  displaces  more  than 
m  and  fewer  than  mr  letters  is  one  of  the  numbers  »ti  ,  w2  ,  •  •  •  ,  wr_i  . 
This  does  not  mean  that  there  is  no  transitive  subgroup  of  degree  <  m  . 
Let  ai  ,  az  ,  •  •  •  ,  On,  be  the  letters  of  H  ,  and  let  a\  »  az  >  '  '  '  >  °i,  (»  =  1  .  2  , 
•  •  •  ,  r)  be  the  letters  displaced  by  Hl  but  not  by  //Ui  (H0=H)  .  Let  F, 
be  the  largest  subgroup  of  G  on  the  letters  of  H{  ;  Ft  includes  all  the  pre- 
ceding subgroups  F  (=F0)  ,  Fi  ,  •  •  •  ,  FU1  ,  and  is  transitive. 

In  case  qT  =  1  ,  G  is  triply  transitive,  contrary  to  hypothesis  ;  hence, 


It  follows  (see  §  42,  I)  that  4,  >  1  (i=  1  ,  2  ,  •  •  •  ,  r—  1  )  .  If  the 
letters  a[  ,  al2  ,  •  •  •  ,  o^t  are  not  a  system  of  imprimitivity  in  F{  ,  some 
permutation  5  of  F{  will  give  a  group  6"~1F1_15'  which  displaces  some  of 
the  letters  a\  ,  al2  ,  •  •  •  ,  a^  and  fixes  at  least  one  of  them.  Then 


is  a  transitive  group  of  degree  >  w^  and  <  mi  (mQ  =  q0  =  m)  ,  con- 
trary to  hypothesis.  By  the  definition  of  imprimitivity  all  the  subgroups 
of  Fi  ,  notably  F  ,  Fx  ,  •  •  •  ,  Ft_i  ,  admit  these  systems.  In  consequence  the 
letters  al  ,  a\  ,  •  •  •  ,  a^  fall  into  systems  of  imprimitivity  </,  by  qt  ,  for 
x—\,  2,  •••,  i  —  1.  Thus  q{  divides  q^  ,  but  it  is  not  yet  clear  that 

9i  <  9i-i  (»  =  2,  3,  •••,  r}  . 
However,  it  was  proved  in  §  42  that  q^  divides  m  and  is  <  m  . 
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Let  au  represent  the  system  a\aT2  •  •  •  a£r  of  Ft  and  let  aik  (»  =  0,  1  , 
•••,  r  —  1  ;  a°  =  a;  &  =  1  ,  2  ,  •••,  qi/qr)  be  the  remaining  systems  into 
which  aii  goes  under  transformation  by  the  permutations  of  FT  .  We 
define  F[  as  the  group  according  to  which  the  systems  alx  ,  •  •  •  ,  of  Fj  are 
permuted.  Since  Fr-i  is  transitive,  F'T  is  at  least  doubly  transitive. 

The  group  G  displaces  a  letter  b  not  in  Fr  ,  and,  being  doubly  transi- 
tive, contains  a  permutation 

rk  =  (tot)  -  •  •  (k  =  l,  2,  ••-,  qr). 

Let  it  be  granted  for  the  moment  that  Tk  transforms  F^j,  ,  F1+2  ,'",  FT_i 
each  into  itself  and  leaves  fixed  the  letters  a[+1  ,  a1?2  ,  •  •  •  ,  a[-1  .    Then 


for  its  degree  is  less  than  m1+1  and  must  consequently  be  m^.  ,  the  degree  of 
FI  .  If  7\  displaces  a[  ,  there  is  a  permutation  S  in  F{  which  replaces  o}  by 
the  same  letter  as  does  Tk  .  Then  5'~15nk  leaves  oi  fixed  and  may  be  used 
for  Tk  .  But  Tk  transforms  Fr_!  into  itself,  and  by  multiplication  by  a 
permutation  of  Fr_i  ,  a  like  permutation  can  be  obtained,  which  leaves  o[~x 
fixed.  Then  by  a  complete  induction  G  contains  a  permutation 


which  transforms  F  ,  FI  ,  —  •  ,  Fr_i  each  into  itself.  Each  system  of  im- 
primitivity  a[al2  •  •  •  flq,  (t  <  r)  is  transformed  into  itself.  But  the  sys- 
tem an  is  replaced  by  qr  systems  of  imprimitivity  which  have  at  least  the 
letter  ax  in  common  with  an  .  Let  these  qr  new  systems  of  Fr_x  be  repre- 
sented by  the  symbol  a^T^  (k=  1  ,  2  ,  •  •  •  ,  qT}.  If  it  be  assumed  that 
an  7\  has  a  second  letter  a2  in  common  with  On  , 


where  aT  is  some  letter  of  the  system  an  .    In  F'r'  there  is  a  permutation 
S  = 


/  a,.    at    a*    of  b  \ 

"  \  o'x    o;    ar,    ow    b  '         '  )  ' 


Now 

C7  = 
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The  transitive  group 


omits  a\  and  a\  ,  and  includes  b  ;  it  is  therefore  of  degree  >  wr_!  and 
<  wr  ,  contrary  to  hypothesis.  We  have  proved  then  that  the  qT  systems 
au!rk  of  Fr_!  have  one  and  only  one  letter  in  common  with  au  ,  —  the 
letter  Oi  . 

Any  permutation  S  of  G  that  transforms  Fl  into  itself  generates 
with  jp,  a  group  which  has  a  transitive  constituent  of  degree  mi  that  ad- 
mits a[al2  '•  •  •  a^t  as  a  system  of  imprimitivity.  Otherwise 


is  a  transitive  group  of  degree  >  m^i  and  <  w,  (»=  1  ,  2  ,  •  •  •  ,  r)  . 

Suppose  it  possible  to  find  in  G  a  permutation  T  that  transforms  Fr_i 
into  itself,  and  which  replaces  the  system  alt  by  a  system  a  distinct  from 
any  one  of  those  obtained  by  transforming  Fr_i  by  Tk  or  by  its  own  per- 
mutations. It  may  be  assumed  that  T  fixes  a{~1  .  For  if  it  does  not,  it  is 
only  necessary  to  multiply  T  by  a  properly  chosen  permutation  of 
/Vi  ,  which  by  hypothesis  replaces  a  by  a  system  a'  ,  not  one  of  the 
wr-i(<?r  +  l)A?r  known  systems.  It  was  shown  that  !Tk  transforms  FI 
into  itself  and  fixes  a\  '(i  =  Q  ,  1  ,  •  •  •  ,  r  —  1)  ,  and  in  the  same  way  T 
can  be  chosen  to  leave  F,  invariant  and  fix  ai  (i  =  0  ,  1  ,  •  •  •  ,  r  —  1  )  . 
Then  T  replaces  b  by  a  letter  ak  ,  and  permutes  the  rest  of  the  letters 
fli^a  '  '  '  alT  among  themselves.  Now 


is  a  permutation  of  FT  under  which  Fr_i  is  invariant.    Hence  5  fixes  the 
system  an  , 

T  =  STk  , 

and  a  is  the  system  a^T*  . 

The  system  aurk  bears  the  same  relation  to  Fr_x  ,  7V.Frrk  ,  and  G,  that 
a^  does  to  Fr_i  ,  Fr  ,  and  G  .  From  a-^T^  then  can  be  obtained,  by  means 
of  permutations  that  leave  ai  fixed  and  Fr-i  invariant,  qr  other  systems 
with  but  one  letter  in  common  with  auTk  •  But  we  have  just  seen  that 
these  qT  systems  will  coincide  with  systems  already  obtained.  Hence  the 
letters  of  Fr_j  can  be  arranged  in  systems  of  imprimitivity  of  qr  letters 
each  in  at  least  gr  -f-  1  ways  with  one  letter  common  to  qr  +  1  systems  and 
with  no  other  letter  common  to  any  two  of  them.  This  result  holds  a 
fortiori  for  all  transitive  subgroups  of  Fr_i  and  in  particular  for  H  . 
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§  44. 
The  Limit  of  Transitivity. 

I.  A  primitive  group  of  degree  n  -which  contains  a  transitive  subgroup 
of  degree  m  is  at  least  n  —  2m  +  3  times  transitive. 

We  continue  the  notation  of  §  43. 

A  primitive  group  of  degree  n  that  contains  FT  is  n  —  mr  +  1  times 
transitive.  We  know  (§42)  that  q1  <  m  ,  and  if  we  can  show  that 

(1)  qi+i  <  q\  (»'=!,  2,  •••,  r—1)  , 

then,  because  qi+1  divides  q{  and  qi  divides  m  , 

mT  <  m(\  +    -   +  -   +'••  +  -) 
24  2r 

g  2m  —  w/2r 

g  2m  —  2  , 

and  therefore 

n  —  mT  -}-  Ign  —  2m  -f-  3  . 

The  most  important  step  towards  the  proof  of  (1)  has  been  made. 
Since  7\  permutes  the  letters  a^  ,a2  ,  •  •  •  ,  aqr_t  of  a  system  of  imprimitivity 
of  Fr_i  among  themselves,  the  q?  letters  involved  in  systems  aix  ,  a^Ti  , 
•  •  •  ,  OnTqt  are  all  letters  of  the  larger  system  a^a2  •  •  •  a,^  .  Then 

(2)  ?r-!    ^    ??     >    ?r  • 

Hence,  if  mT  =  m^  ,  that  is,  if  r  =  1  ,  the  theorem  is  true. 

It  will  now  be  shown  that  if  F'r  is  triply  transitive,  r  =  1  .  Sup- 
pose that  Fr  is  triply  transitive.  To  each  of  the  qT  -\-  1  distinct  arrange- 
ments of  the  letters  of  FT_i  in  systems  of  imprimitivity  of  qr  letters  with  ax 
in  common,  there  corresponds  a  doubly  transitive  group  according  to  which 
the  systems  are  permuted.  Let  FT_1(ai)  be  the  subgroup  of  Fr_i  that 
fixes  the  letter  ai  (cf.  §  38).  The  remaining  qT  —  1  letters  of  each  system 
of  imprimitivity  to  which  ax  belongs  are  permuted  only  among  themselves 
by  the  permutations  of  Fr.iCoi)  .  Now  F'T_i(all)  is  transitive  of  degree 
mY_!/gr  —  1  ,  while  the  number  of  systems  transitively  connected  by  it 
cannot  exceed  qr  —  1  .  Hence  mr_!  g  q?  ,  and  since  qT_i  ^  q?  ,  qT^  =  q?  ;  in 
fact,  wr_!  =  m  =  ql  ,  and  r  =  1  . 

We  now  assume 


Is  it  possible  for  F'T  to  have  a  transitive  subgroup  of  degree  >  m/qT  and 
not  one  of  the  numbers  mi/qT  ?    Let,  if  possible,  F^  be  a  transitive  sub- 
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group  of  F'1+1  that  displaces  besides  the  letters  of  F\  the  k  letters  ait1, 
afc1  ,  •'-,  aft1  (1  g*  <  qi+i/qr;  *  =  0,  1 ,  •  •  • ,  r  —  2).  Then  between 
F,  and  F1+1  there  is  a  corresponding  subgroup  Flk  ,  which  includes  Ft  and 
is  transitive  in  the  systems  On  ,  o^  ,  •  •  • ,  so  that  Flk  certainly  has  a  transi- 
tive constituent  (even  though  not  itself  transitive)  of  degree  »ti  -j-  kqr . 
Now  transform  F,  by  all  the  permutations  of  Filt .  The  group,  generated 
by  Fi  and  all  these  transforms,  is  of  degree  mi  -f-  kqr  and  is  transitive  be- 
cause kqT  <  m{ ;  by  hypothesis  kqr  <  g,+1 ,  and  ^1+1  ^  ql  ^  nti  . 

We  now  form  the  doubly  transitive  group  in  the  systems  of  F,_i .  The 
system  a£a  aJi1  •  •  •  a{-\  /Qr  will  be  represented  by  a^I1 .  The  large  sys- 
tem fl'iioiz  ' ' '  #1,  Q!/qr  breaks  up  into  the  smaller  systems  e4k  (k  =  1 ,  2 , 
"  '  >  <7i/<?r_i)  •  This  group  on  the  letters  ak  (t  =  0 ,  1 ,  •  •  • ,  r  —  1)  will 
be  indicated  by  F',Li ,  and  the  subgroup  of  it  which  corresponds  to  Fi  is 
F'j  .  In  the  same  way  we  proceed  to  form  the  successive  groups  FI  in 
the  systems  a'Jk  (k  =  1  ,  2 ,  •  •  • ,  qi/qT.^i  ;t=sO,l,---fr  —  /  +  1)  . 
The  groups  F3r_J+1  (;'  5  1)  are  all  doubly  transitive  but  not  triply  transi- 
tive, except  perhaps  F;  ,  which  may  be  triply  transitive,  and  are  such 
groups  as  G  over  again.  From  F£{  we  have : 


or 

(3)  q^    5     —       (*•=!, 2, •••,r;<7M  =  l). 

Qi+i 
Now 

r-l  r-1 

II  ?t   5   II  q\+Jq** 

t=t  t=l 

reduces  to 

qi  5  qi+tf*         (*=o,  i,  •••,  r) . 

The  proof  of  the  theorem  is  complete. 

§45. 
The  Imprimitive  Subgroups  of  a  Doubly  Transitive  Group. 

I.  Let  a  doubly  (but  not  triply}  transitive  group  of  degree  n  have 
transitive  subgroups  H ,  Hit  ••• ,  HT  of  degree  m,  m  +  qt ,  '" , 
m  _j_  q^  _|_  •••-(-  qT ,  respectively,  and  of  no  other  degree  <  n  and  >  m  . 
Then  HU1  (i=l,  2,  ••• ,  r;  H0  =  H)  has 

1  1  1 

i  -f  (qi  +  *ui  +  —  +  «. 


98  PRIMITIVE  GROUPS 

systems  of  imprimitivity  of  qu  letters  which  have  one  letter  in  common 
(«  =  i  ,  i  -\-  1  ,  •  •  •  ,  r)  .    When  w  =  r  ,  no  two  of  the  above  systems  of  qT 
letters  that  have  one  letter  in  common  have  a  second  letter  in  common. 
This  theorem  asserts  that  H  has 


systems  of  qr  letters  with  one  letter  in  common  ; 

1+    (<Zl  +  <Z2  +  ---  +  <7r-i)(l 

systems  of  qr_i  letters  with  one  letter  in  common  ;-•••'; 


systems  of  qt  letters  with  one  letter  in  common. 

Throughout  the  following  proof  the  notation  of  the  two  preceding 
sections  is  retained.    The  doubly  transitive  group  in  question  is  G  . 

1.  Since 


transforms  Fr_j+1  (j  =  2,  3,  •••  ,  r)  into  itself,  it  generates  with  Fr_J+1 
a  group  which  has  a  transitive  constituent  on  the  letters  of  Fr_]+2  in 
which  o{'1+1aS"3+1  •  •  •  oJi~^  is  a  system  of  imprimitivity.  This  system 
is  aft3"1"1  .  Then  Tk  leaves  aj!3+1  fixed  and  permutes  the  symbols  aljk 
(k=\  ,  2,  •••,  9i/gr-j+i;  »  —  0,  1,  •••,  r  —  ;'+  1;  a^k==ajk)  among 
themselves  for  a  given  value  of  /  5  2  .  Then  T*  fixes  each  sys- 
tem a^  (;  =  2,  3,  ••-,  r;  t  =  0,'  1,  ••-,  r  —  ;'+  1)  . 

There  is  in  F^-j+i  a  permutation  Tjk  (/^  1)  that  bears  the  same  re- 
lation to  F\_^-i  that  rk  bears  to  G  : 


We  can  assign  to  TJk  the  property  of  fixing  at_ltl  ,  05.1,1,  "',  ajl{7l, 
Oj-2,i  ,  o\-z,\  ,  '  "  ,  a[l27i  ,  '  '  '  ,  ai  »  fli  ,  '  '  '  ,  aJ"1"1  ,  as  we  proceed  to  show. 
There  is  a  permutation  5  in  Ff  that  replaces  a^z  by  a^  and  which  fixes 
each  of  the  letters  Oyi  ,  a\i  ,  •  •  •  ,  a^  ,  and  hence  also  the  systems  ay+1,  i  , 

«y*i.i  ,   '  •  '  ,   «m,i  >   «y+2,i  '   °y+2,i  .    '  '  '  •    F°r  if 

O   -    (  n*  ri*-     •  •  •  W  /7x-1nw     •  •  •  \    •   •   • 

^  -  -   ^ayzoyi        Mayi  "yu        /  » 

then 

w  g  ^r  —  1  , 
and 
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where  S'  is  a  permutation  of  FLj  which  replaces  a^,  by  a^1 .  Then  if 
Tjk  displaces  a[ri7i  ,we  can  use  for  T^  the  product  T^S  ,  where  5"  is  a  per- 
mutation of  FJiJ.j  which  replaces  the  letter  that  follows  aj:{^  in  rjk 
by  al-(~\>  and  fixes  aJi »  °Ji »  " '  i  °n3~2  •  We  next  take  a  permutation 
rjk  that  fixes  a]~{~l  and  treat  it  in  the  same  way,  and  so  on.  Finally  we 
adopt  for  Tjk  a  permutation  that  fixes  each  of  the  symbols  Oi  ,a\  ,'  "  ,  ojrl'i 
as  proposed. 

Again,  since  TJk  permutes  the  symbols  Qyk  (k  =  1 ,  2 ,  •  •  • ,  qi/qr_y+i ; 
i  =  0 ,  1,  ••-,  r  —  y  -f-  1)  among  themselves,  for  a  given  value  of 
y  ^  j  +  2  ,  Tjk  fixes  each  system  alyi  (;y  =  /  +  2  ,  /  -+-  3  ,  •  •  • ,  r ;  i  =  0 , 
1,  ...,r-y+l). 

2.  It  was  proved  in  §  43  that  under  the  present  hypothesis  Fr_!  has 
1  -f-  qr  systems  of  imprimitivity  of  qT  letters  each,  with  the  letter  a:  in 
common,  no  two  of  which  have  two  letters  in  common.  These  1  +  qr 
systems  are  an  ,  a^T-i ,  •  •  •  ,  a^T^  .  By  the  same  theorem  F'r_2  has 
1  -f-  Qr-i/qr  systems  a21 ,  a^T^  of  qr-i/qT  symbols  with  On  in  common ; 
On  is  the  only  symbol  any  two  of  these  systems  have  in  common.  It  will 
be  convenient  to  have  a  notation  to  indicate  the  letters  of  ajx  which  are 
not  also  letters  of  aj_i,i .  We  shall  use  a^  —  ffj-i.i  in  this  sense.  Thus 
7\k  replaces  the  letters  of  a2i  —  an  by  letters  of  asi  —  a2i .  Then  if  one  of 
the  systems  auTk  of  FT_2  is  subjected  to  transformation  by  7\k ,  the  result 
is  a  new  system  of  qr  letters.  A  system  a^T^T^  has  no  letter  in  common 
with  an  or  auTk  except  a: .  There  are  <?r(<7r_i/<?r)  =  qr-i  systems 
Onrkrik .  It  remains  to  prove  that  no  two  of  them  have  a  letter  other 
than  OJL  in  common.  The  system  a^T^T^  bears  the  same  relation  to  the 
groups 

Fr-2 ,  T-grfF^Tj:*  ,  T-£r?FTT*T* ,  G  , 


Fr-2  ,    Fr_i  ,    FT  ,    G  . 

Then  the  system  a^T^T^  is  one  of  the  1  -f-  qr  -f  qr-i  systems  of  FT_2 , 
none  of  which  have  any  letter  except  ax  in  common  with  anTk7\k  .  It  is 
now  necessary  to  show  that  these  are  the  systems  On  ,  aii7\ ,  aii7\rik 
over  again.  That  is,  we  must  prove  that  no  permutation  of  G  which 
leaves  Fr_2  invariant  can  transform  auT^T^  into  a  system  Oi  that  is  not 
On  ,  anrk ,  OnTkTik ,  or  the  transform  of  one  of  these  systems  by  a  per- 
mutation of  Fr_2 .  If  it  were  possible,  there  would  be  a  permutation  U 
replacing  an  by  ax  and  such  that  U~lFr.aU  =  FT_2 .  If  U  displaces  Ox , 
T=US  fixes  ch. ,  if  5"  is  a  properly  chosen  permutation  of  Fr_2 .  Now  S'1 
transforms  c^  into  a  system  a  which  is  not  one  of  the  given  systems  of  Fr_2 , 
because,  according  to  the  definition  of  a± .  S  does  not  transform  one  of 
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them  into  ax  .    The  permutation  T  fixes  ch.  ,  transforms  Fr_2  into  itself, 
and  ou  into  a   .  Therefore 

T  =  (aj(bap  •••)••• 
or 

T= 


In  the  first  case  numbers  u  and  v  can  be  chosen  so  that 


and  in  the  second  case,  so  that 


is  a  permutation  of  .Fr  .    Since  S'  belongs  to  Fr  and  fixes  (h.  ,  it  fixes  the 
system  On  .    Therefore 


or 


3.  There  are  now  no  difficulties  in  the  way  of  proving  by  induction 
that  FI_!  has  1  -f-  qr  -\-  ^r-i  +  '  '  '  +  <7i  systems  of  imprimitivity  of  qT 
letters  all  of  which  have  ax  in  common  and  no  two  of  which  have  any 
other  letter  in  common.  Let  it  be  assumed  that  of  the  1  +  qT  -\-  qr^  -f- 
'  '  '  +  ?i+i  systems 


no  two  have  any  letter  except  ax  in  common.  All  the  permutations 
7*,  ?\k,  '  '  ',  ^r-i-i,k  permute  the  letters  of  the  system  ar_1+i,i  among 
themselves,  but  rr_1>k  (k  =  1  ,  2  ,  •  •  •  ,  qi/qui)  transforms  the  letters  of 
ar_i+i,i  —  «r-i,i  into  letters  of  ar_i+2,  i  —  flr-i+i,!.  For  Fr_t  has  sys- 
tems of  imprimitivity  or_i+i,i»  Or-ui.iT'r-i.k  made  up  exclusively  from 
the  letters  of  the  system  ar_i+2(i,  no  two  of  which  1  -j-  q^/qi^  systems 
have  any  symbol  except  ar_i>:L  in  common.  By  means,  therefore,  of 
TVt.k  ,  9i+i(9i/9i+i)  =?i  additional  systems  of  qT  letters  with  ax  in  each 
of  them  are  obtained.  These  systems  have  no  other  letter  in  common  with 
any  of  the  systems  (with  ou  in  common)  from  which  we  start.  If  a  per- 
mutation U  exists  in  G  that  transforms  FI_^  into  itself  and  one  of  the 
above  1  -j-  qT  -f-  <?r-i  +  '  '  '  +  <7i  systems  into  a  system  a  distinct  from 
any  of  their  transforms  by  permutations  of  FUi  ,  it  may  be  assumed  that 
U  transforms  axl  into  a  and  fixes  GI  .  Therefore 

U  = 
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If  x  =  0  ,  for  a  certain  k 


and  for  JT  >  0 ,  u  ,  v ,  •  •  •  ,  k  can  be  so  chosen  that 

is  a  permutation  of  Fr ,  and  therefore  fixes  On  .    Hence 

where 

JT+  1  $r--t+  1. 

Thus  a  is  one  of  the  given  1  -f-  <?r  +  <Zr-i  +  '  '  '  +  <?i  systems  On  ,  aurk , 
«ii7k7\k ,  '  '  '  ,  0ii7k7\k  '  '  •  7Y.ifk  •  Since  a  system  OnT^T^  •  •  •  rr_i,k 
bears  the  same  relation  to  the  transforms  of  FU1 ,  Ft  ,  •  •  •  ,  Fr ,  G  by 
7\7\k  '  '  '  7Y-i,k  as  an  bears  to  FUi ,  Ft ,  •  •  • ,  Fr ,  G  ,  none  of  the 
1  -+-  qr  -f-  qr.\  -+-  '  '  •  -f-  <h  systems  have  any  letter  except  ai  in  common 
with  aurkTlk  •  •  •  rr_1>k  .  It  is  proved  then  that  FU1 ,  and  a  fortiori 
H ,  Hj. ,  •  •  • ,  HI_I  ,  have  1  -f-  qr  -\-  qT_^  -f-  •  •  •  -f-  qi  systems  of  imprimi- 
tivity  of  qr  letters  with  ox  in  common  and  that  no  two  of  these  systems 
have  any  other  letter  in  common. 

4.  The  subgroup  Fr_2  has  1  -f-  qr-i/qr  systems  a2i ,  a2i7\k  with  an 
in  common  and  which  involve  (qT-i/qr)2  —  1  other  symbols  of  the  system 
a31  .    Then  Fr_2  has  at  least  1  +  qr-i/qT  systems  with  the  letters  of  On  in 
common.    Transform  a  system  a217\k  by  Tk:  the  letters  au  —  at  are  re- 
placed by  letters  of  a2i  —  an  ,  not  in  any  of  the  systems  a217\k ,  and  the 
remaining  qr_v  —  qT  letters,  belonging  as  they  do  to  a3i  —  a2i ,  are  re- 
placed by  letters  of  a31  —  a2i  .     Then  the  two  systems  a217\u7\  and 
o2iTlvT2 ,  say,  are  distinct,  as  also  are  a2iTlu7\  and  a217\T7\  .    Therefore 
Fr_2  has  at  least  1  -f  qr-i/qr  +  ^r-i  systems  of  imprimitivity  of  gr-i 
letters  with  ax  in  common. 

5.  The   group   Fi_t    has,   if   we   apply   a   previous    result   to   Fj.i , 
1  -j-   (a,  -f-  <7t+i  +  '  '  '  +  <?r-i)/<?r  systems  of  qT_^  letters  with  alt  in 
common.     The  other  letters  of  a21Tik  are  from  o31  —  a2t ,  of  a2i7\kr2k 
are  from  a4l  —  a3i  ,  •  •  •  ,  of  a2irikT2k  •  •  •  Tr_iik  are  from  ar_i+2,  i  —  Or- 1+1,1  • 
Then  the  systems  a2i7*lkrk ,  a^T^T^T^ ,  •  •  •  ,  a^iT^Tzk  ' ' '  lY.!.*!*  are 
all  different  from  each  other  and  from  the  systems  which  have  on  in  com- 
mon.   Hence  FU1  has  at  least  1  +  (?i  +  ?i+i  +  ' ' '  H~  ^r_i)  (l/9r  +  1) 
systems  of  qr.i  letters  with  Oi  in  common. 

6.  The   group   F,_j   has   the   systems    a3i  ,   a3ir2k , 
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fl31*  2k  ^/  3k  '   '  T  r_t,k  >  #31  -*  2k  '  Ik  ,  #3i^  2k^3k^t  Ik  >  '  '  '  ,  ^31^  ak-/  3k  '  '  '  -/r-l.k*  ik  • 

The  first  1  +  (qi  -f-  g1+i  +  •  •  •  +  <7r_2)/<7r-i  are  systems  of  F'{_i  and  are 
therefore  not  transformed  into  new  systems  by  7\  .  But  the  remaining 
systems,  a3ir2k7\k  ,  flsi^k^sk^ik  ,  '  '  '  ,  have  alx  in  common  and  contain 
no  letter  of  a21  —  alx  ,  though  all  contain  qT_^  —  qr  letters  of  o3i  —  a21  . 
Besides  these  letters,  a3i^2k7\k  contains  ar_2  —  qT_±  letters  from  a4i  —  a3i  , 
a3ir2k73krik  contains  qr_2  —  qr_^  letters  from  a51  —  a4i  ,  and  so  on.  Now 
when  we  transform  the  systems  a3i^2k7\k  ,  a3i^2kT3krlk  ,  •  •  •  ,  by  Tk  ,  the 
letters  of  .au  —  a^  in  each  system  are  replaced  by  letters  of  a21  —  an  , 
and  the  letters  of  a31  —  a2i  ,  a4i  —  (hi  ,  '  '  '  ,  respectively,  go  among  them- 
selves. Thus  we  have  found  at  1-east  1  -f-  (^i  +  ^1+1  +  '  '  '  4~  ^r-z)  (  l/<?r_i  + 
l/qr  +1)  distinct  systems  of  qT_2  letters  with  ax  in  common. 

7.  In  order  to  complete  the  proof  by  mathematical  induction,  we 
assume  that  Fi_a  has,  according  to  our  theorem,  1  -}-'(qi/qT  +  qi+i/qr  + 


tft+i  +  '  '  '  +  0u)(l/9n+i  +  V0u+2  +  '  '  '  +  Vtfr)  systems  of  q*  letters 
with  ou  in  common,  all  but  (qi  +  ^1+i  +  '  '  '  +  q^/Qr  of  which  have  a21 
in  common.  The  systems  with  a21  in  common  give  nothing  new  when 
transformed  by  Tk  ,  but  the  others  afford  qi  -\-  qi+l  -\-  •  •  •  -j-  qu  new 
systems  when  so  transformed.  The  systems  to  be  transformed  by  Tk  are 

&r-u+l,  !•»  r-u,  k-*  r-u-l.k-*  r-u-2,k  '    *  •*  ik  , 
Or-u+l,!-*  r-u,k^  r-u+l,k*  r-u-l.k-*  r-u-2,k  '    '  -*  Ik  , 


flr-u+l.l^r-u.k-'  r-u+l,k    '         '      '  r-l,k-»  r-u-l.k^ r-u-2,k    '        '     7^1k  • 

Each  of  these  systems  has  qu+1  letters  in  common  with  ar_u+1,  i ,  but 

"r-u+l,l-»  r-n.k-'  r-u-l.k-*  r-u-2,k    '  •»  Ik 

has  ^u  —  <7u+i  letters  of  ar_n+2>1  —  ar_u+i,i » 

^r-u+l,  !•*  r-u,k-*  r-u+l,k-»  r-u-l,  k-t  r-u-2lk    '  i  Ik 

has  gu  —  gu+i  letters  of  ar_u+3,i  —  ar-u+2,i »  '  '  ' , 

^r-u+1,1-*  r-u.k-'  r-u+l,k    '         '     •*  r-t,k^  r-u-l.k-'  r-u-2,k    '         '    7^1k 

has  0U  —  0u+i  letters  of  or_i+2,i  —  Or-i+i.i  •  Then  their  transforms  by 
are  distinct  from  each  other  and  from  the  systems  of  qu  letters  with 
in  common.  Hence  Fi_i  has 

1    +    (01    +    01+1   +   •   '    '    +    0«)(V0«+,    +    l/0n+,    +   '        '    +    V0r   +    1) 
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systems  of  qu  letters  with  ax  in  common,  each  of  which  has  exactly  gu+1 
letters  in  common  with  the  system  or-u+i,i  • 

§46. 

The  Limit  of  the  Degree  of  a  Primitive  Group  in  Terms  of  the  Degree 
of  a  Transitive  Subgroup. 

I.  If  G  (as  defined  in  §  43}  is  contained  in  a  t-ply  transitive  group, 
Fr_i  has  at  least  t  systems  of  imprimitivity  in  letters  of  a2l  with  ax  and  only 
ax  in  any  two  of  them. 

This  has  been  proved  to  be  true  if  t  z  <?r  +  1  .    We  assume 


The  letters  of  the  /-ply  transitive  group  G  not  in  Fr  are  b  (=  &0)  ,  bi  , 
'  '  '  ,  bt_2  .  There  are  in  G  ,  because  it  is  /-ply  transitive,  permutations 

£/ik  =  (Mrik)  '  '  '  (*  =  0,  1,  •••,  t  —  2;  k=l,  2,  ••-,  qT] 

which  fix  each  of  the  letters  b  ,  hi  ,  •  •  •  bt_2  except  hi  .  The  permuta- 
tions t/iu  transform  Fr_i  into  itself  and  may  be  so  chosen  that  they  all  fix 
the  letters  o\  (i  =  Q  ,  1  ,  •  •  •  ,  r  —  1)  and  the  systems  aj~1+1  (;'  >  1). 

It  is  possible  to  select  i  and  k  in  successive  permutations  by  which  we 
transform  FT  so  that  the  letters  a{  ,  a\  ,  •  •  •  ,  a^  of  Fr  are  replaced  by 
letters  arbitrarily  chosen  from  among  b  ,  bi  ,  •  •  •  ,  bt_z  .  After  this  has 
been  done  the  group  G  is  replaced  by  a  doubly  transitive  group  in 
which  a\  ,  say,  takes  the  place  of  b  .  Then  if  b  ,  bi  ,  •••  ,  feqr_i  are  the 
letters  by  which  we  have  replaced  a\'  ,  a\  ,  •  •  •  ,  ajjr  ,  the  permutations 

(alb)  ••-, 


transform  the  system  an  of  FT_i  into  qr  systems  with  at  in  common, 
which,  with  Oi  ,  involve  exactly  q*  distinct  letters  of  fl2i  •  But  for 
b  ,  2>i ,  ' ' '  ,  £q  _i  may  be  taken  any  qr  of  the  letters  b  ,  bi ,  •  •  •  ,  &t-2 ,  so 
that  the  t—  1  permutations  (ajfr,)  •  •  •  (»  =  0,  1  ,  •  •  •  ,  t  —  2)  ,  and  the 
identity,  replace  the  system  au  by  /  systems  with  a^  ,  and  only  a^  ,  com- 
mon to  any  two  of  them. 
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We  shall  make  use  of  I  to  prove  : 

II.  If  the  subgroup  that  leaves  n  —  mt  —  1  letters  of  a  primitive 
group  of  degree  n  fixed  is  G  (as  defined  in  §  43*),  and  if  Q  is  put  for 

0r-l/0r  , 


Q— 


(m  -f-  2Q  —  4)  g  2m  . 


As  was  noticed  in  §  44,  the  given  primitive  group  is  at  least 
n  —  mr  -f-  1  times  transitive.  This  number  cannot  exceed  the  number  of 
systems  of  qr  letters  any  two  of  which  have  a^  ,  and  only  Oj  ,  in  common, 
that  can  be  made  from  the  ^r_i  letters  of  a21  .  Then 

n  —  m  —  qi  —  q*  —  •  •  •  —  qT  -{-  1  g  (qT_^  —  \}/(qT  —  1)  , 

»  ^  »»  -h  0i  +  ?2  4-  •  '  '  -f  qr 

?l     ,      ^2 

(1)  g  m(l  H  ---  1 


m       w  w  gr  —  1 

In  the  course  of  the  proof  of  the  theorem  of  §  44  it  was  shown  that 

01-1  01  /'  1          O  N 

—  5 —  (»=1,  2,  •••,  r;  qo  =  m)  . 

01  0U1 

Then  if  we  put  Q  for  qT.\/qt , 

m/g,  5  o1  • 

With  the  aid  of  these  inequalities  (1)  becomes 


1  1  1  0r(e—  1) 

n  g  m(l  +  -  H-    -+  ----  +  -7)  +  / 

2  r  — 


mg  —  m/QT 


qT—l 
Since 

w/Qr  5  0r  5  2  , 


h 


Q-l  Q-l 


PRIMITIVE   GROUPS   WITH    TRANSITIVE    SUBGROUPS  105 


Q—  1 

If  Q  =  2  ,  this  gives 

n  <;  2m  . 
In  no  case  is 


(m  +  2Q-4)    >  2m. 


Q  —  1 

For  then 

m  <  2o, 

whereas 

m  ^  qzg. 


§  47. 

Discussion  of  Fr_!  When  It  Has  Imprimitive  Systems  of  q*  or  q\   -f-  qf 

Letters. 

The  letters  of  Fr_i  admit  gr  -f-  1  arrangements  in  systems  of  im- 
primitivity  of  qr  letters  each  such  that  qr  -\-  1  systems  have  one  letter 
in  common  and  no  two  of  these  qT  +  1  systems  have  two  letters  in  com- 
mon. The  q\  —  1  letters  thus  associated  with  at  are  all  found  in  the 
larger  system  a21  .  It  may  happen,  as  when  qr_^  —  g?  ,  that  the  qT 
letters  in  question  form  a  system  of  imprimitivity  (a)  of  Fr_!  .  The 
subgroup  C  which  leaves  this  system  a  fixed  has  a  transitive  constituent 
on  the  q^  letters  of  a  .  We  call  this  constituent  group  D  .  Every  sys- 
tem of  imprimitivity  of  qT  letters  which  includes  ^  is  a  system  of  im- 
primitivity of  D  .  Then  Theorem  II  of  §  40  is  applicable  to  D  ,  and 
from  it  we  conclude  that  when  D  is  not  regular,  it  is  of  class  q*  —  1  and 
has  a  characteristic  subgroup  (E)  which  is  regular  (§  32).  This  regular 
subgroup  of  order  q\  occurs  in  both  cases,  and  D  ,  when  regular,  may  be 
called  E  for  the  sake  of  uniformity.  This  group  E  also  admits  the  given 
systems  of  qr  letters;  hence  its  permutations  are  distributed  among 
qr  -f-  1  subgroups  of  order  qT  ,  no  two  of  which  have  a  permutation  other 
than  the  identity  in  common.  Let  Si  ,  s2  ,  '  '  '  ,  s^  be  the  permutations  of 
one  of  these  subgroups.  Let  sz  be  conjugate  under  E  to  some  permutation 
ta  not  in  the  subgroup  Si  ,  s2  ,  •  •  •  ,  Jqr  ,  and  let  fi  ,  f2  >  "  '  »  'qr  be  that  one 
of  the  gr  -f-  1  subgroups  of  E  which  includes  t2  .  Now  every  permutation 
of  the  group  E  is  given  by  the  product  ^x^y  (x  ,  y  =  1  »  2  ,  •  •  •  ,  qr}  .  But 
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Then  each  of  the  qr  +  1  subgroups  is  invariant,  and  since  no  two  of 
them  have  anything  in  common  but  the  identity,  every  permutation  of 
one  of  these  subgroups  is  commutative  with  every  permutation  not  in  it. 
Then  the  group  E  is  Abelian.  Let  qT  =  mp*  ,  where,  if  possible,  m  is 
relatively  prime  to  p  (p  being  a  prime  number).  The  Sylow  subgroup  of 
E  of  order  pz&  must  have  mp*  -j-  1  subgroups  of  order  p*  with  nothing  in 
common  but  the  identity.  Then 


so  that  m  =  1  .  If,  now,  in  a  subgroup  of  order  qr  —  p*  the  subgroup 
composed  of  the  permutations  of  order  p  is  of  order  />b  ,  E  has  />2b  —  1 
permutations  of  order  p  evenly  distributed  among  />a  -|-  1  groups.  For  if 
the  largest  elementary  subgroups  in  several  of  the  subgroups  of  order  p* 
are  of  order  pb  ,  p°  ,  pA  ,  •  •  •  (b  5  c  >  d  ^  •  •  •)  ,  E  has  its  largest  elemen- 
tary subgroup  of  order  />b+c  in  one  case,  and  of  order  pc+A  in  another. 
This  is  absurd.  Then 


and  b  =  a  .    Hence  finally  E  is  an  elementary  group  of  order  />2a  . 

Whenever  the  group  F'T  in  the  systems  of  qr  letters  of  FT  is  triply 
transitive,  <7r_i  =  m  =  q\  (§  44).  The  subgroup  F  is  then  a  regular 
elementary  group  of  order  pz&  ,  or  is  of  class  />2a  —  1  and  includes  a 
characteristic  subgroup  which  is  a  regular  elementary  group  of  order  />2a  . 

Another  assumption  in  regard  to  FT_^  which  leads  to  a  simple  result 
is  that  .F,..!  is  of  degree  q2-  +  <7r  ,  or  that  there  is  in  FT_-L  an  imprimitive 
system  of  q$  +  qr  letters  that  includes  ax  and  the  q\  —  1  letters  asso- 
ciated with  «!  in  imprimitive  systems  of  qT  letters  each.  Just  as  before 
there  is  a  subgroup  C  in  Fr_i  which  has  a  transitive  constituent  D  of 
degree  q*  -f~  <7r  •  According  to  §  41,  D  is  either  regular,  in  which  case 
we  call  it  E  ,  or  contains  a  regular  characteristic  subgroup  E  .  The  regular 
group  E  has  systems  of  qr  letters  which  are  permuted  according  to  a  tran- 
sitive group  E'  of  degree  qr  +  1  .  There  are  qT  -f-  1  subgroups  Av  ,  A2  , 
•  •  •  ,  of  order  qT  in  E  ,  each  of  which  transforms  a  system  containing  ox  into 
itself.  Each  of  them  has  qr  -\-  1  transitive  constituents,  isomorphic  regular 
groups  of  order  qT.  If,  then,  one  permutation  of  A^  displaces  two  or  more 
of  the  systems  which  E'  permutes,  every  permutation  (except  the  identity) 
of  A1  displaces  exactly  qT  of  the  qT  +  1  letters  of  £'  .  If  Al  fixes  all  the 
symbols  of  E'  ,  A2  does  not  do  so,  because  A2  transforms  into  itself  a 
system  including  ar  which  is  not  one  of  the  systems  permuted  by  E'  . 
Then  E'  is  of  class  qT  .  Since  its  order  is  (qT  +  l)gr  it  is  doubly  transi- 
tive. Therefore  qT  +  1  is  a  power  of  a  prime  (§  32). 
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If 

qr-i  =  qt  +  qr , 

?r-i    +    qr    +     1    =    />2a  , 

where  p  is  a  prime. 

§48. 
The  Holomorph  of  the  Elementary  Group  of  Order  />"  . 

If  a  group  of  isomorphisms  is  transitive,  all  the  permutations  (except 
the  identity)  of  the  original  group  constitute  a  complete  set  of  conjugates 
in  the  holomorph  and  are  of  the  same  prime  order.  The  given  group 
cannot  be  non-Abelian  for  a  non-Abelian  group  of  order  />n  has  a  charac- 
teristic subgroup,  the  central  (§  9,  II).  If  p  is  odd,  the  group  of  iso- 
morphisms is  not  primitive,  for  if  5  corresponds  to  6" ,  only  S~l  can  cor- 
respond to  S'1 ;  that  is,  the  subgroup  of  the  group  of  isomorphisms  that 
leaves  one  letter  fixed,  leaves  two  (or  more)  letters  fixed.  If  S  corre- 
sponds to  S  and  T  to  T ,  then  ST  corresponds  to  ST  ,  so  that  no  group  of 
isomorphisms  is  triply  transitive. 

The  elementary  group  of  order  p2  (p  a  prime)  can  be  generated  by 
two  permutations  of  order  p  (§  9,  III).  One  of  these  two  generators 
can  be  any  permutation  of  order  p  in  the  group,  and  the  second  can 
be  any  one  of  the  remaining  permutations  which  is  not  in  the  cyclic 
subgroup  generated  by  the  first.  Then  the  group  of  isomorphisms  of 
the  elementary  group  of  order  p2  is  a  transitive  group  of  degree  p2  —  1 
and  order  (p2  —  1)  (p2  —  p)  .  Any  permutation  5\  of  order  p  ,  any  per- 
mutation S2 ,  not  a  power  of  5\  ,  and  any  third  permutation  S3 ,  not  in 
the  group  [Si ,  S2}  ,  serve  to  generate  an  elementary  group  of  order 
p3 .  Therefore  the  group  of  isomorphisms  of  the  elementary  group 
of  order  p3  is  a  transitive  group  of  degree  ps  —  1  and  of  order 
(p3  —  l)(/>3  —  p}(p3  —  P2}-  In  general,  if  an  elementary  group  of 
order  />n  be  given,  there  are 

(pn  __   1  )(/,"-  p)(p*  -  />*)     •    •    •     (P-  -  p**) 

different  ways  of  choosing  all  of  the  n  generators  of  order  p  of  the  ele- 
mentary group.  For  we  can  take  first  any  permutation  S2  not  in  {5\}  , 
then  any  permutation  S3  not  in  (Si  ,  S2]  ,"',  and  finally  any  one  of  the 
pn  __  pn-i  permutations  not  in  (5\  ,  S2 ,  •  •  •  ,  Sa-i}  .  Hence  the  group  of 
isomorphisms  of  the  elementary  group  of  order  />n  is  a  transitive  group 
of  order  (pn  —  1)  (p°  —  p}  (p»  —  p2)  •  •  •  (p*  —  p"~l)  with  transitive 
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subgroups  of  degree  pn  —  p  ,  p°  —  p2 ,  •  •  •  ,  />n  —  />n~1 ,  and  of  no  other 
degrees.  The  last  is  a  regular  group.  The  first  is  the  subgroup  of  the 
group  of  isomorphisms  that  leaves  one  letter  fixed.  Then  when  p  is 
odd,  the  group  of  isomorphisms  is  imprimitive,  and  when  p  is  even,  it  is 
doubly  transitive.  Hence : 

/.  The  only  groups  whose  groups  of  isomorphisms  are  transitive 
are  the  elementary  groups  of  order  pn .  They  are  of  order 

(F  ~-  !)(/>"  "  />)(/>"  —  P2)  •  •  •  (Pa  —  r*)  , 

and  are  imprimitive  when  p  is  odd,  and  doubly  (but  not  triply)  transitive 
when  p  —  2  . 

Then  the  holomorph  of  the  elementary  group  of  order  2n  is  a  triply 
transitive  group  with  a  transitive  subgroup  of  degree  211-1 .  By  §  46,  II, 
this  holomorph  is  not  a  maximal  subgroup  of  a  quadruply  transitive 
group. 

The  holomorph  of  the  elementary  group  of  order  p°  (p  an  odd 
prime)  is  doubly  (but  not  triply)  transitive.  It  has  a  regular  subgroup 
F  of  order  pn  —  pn~* ,  a  transitive  subgroup  F^  of  degree  />n  —  />n~2  and 
order  (/>n  —  />n~2)  (Pn  —  />n~1)  >  '"»  a  transitive  subgroup  Fn_2  of  de- 
gree pn  —  p  and  order  (pn  —  p)(p*  —  p2)  •••  (pn  --  />n-1)  ,  and  the 
group  of  isomorphisms  Fn_t  is  its  subgroup  that  leaves  one  letter  fixed. 
Then  Fn^  has  systems  of  imprimitivity  of  p  —  1  letters  each  (§  43) 
permuted  according  to  a  doubly  transitive  group  F^  of  degree 

jn-l    +    p»-*    +    •    •    •    +    p    +    1  . 
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